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ABSTRACT We consider the problem of sampling se-

quentially from two or more populations in such a way as to
maximize the expected sum of outcomes in the long run.

Introduction. Consider N = 2 populations specified by
random variables Y, i = 1, ..., N, j = 1,2, ...; Y; de-
notes the outcome from population i the jth time it is sampled.
Our objective is to sample sequentially from the N populations
in such a way as to maximize the expected sum of outcomes in
the long run.

We first consider the case in which the Y;; are independent
normal random variables with unknown means yu; and known
variances o ?. At the end we indicate how these assumptions
can be relaxed.

For any policy 7 and any ¢ = 1, let m, ni(t) = Zi-; I{m; =
i} denote, respectively, the population sampled at time ¢ and
the total number of times population i has been sampled during
times 1, 2, ..., t. The expected sum of the first ¢ outcomes
under the policy mwis V(r) = EZ=N, S/ Y}, a function of the
true values u = (1, . . ., un). The regret due to ignorance of
wwhen the policy 7 is employed is R}, (f) = tu* — V' (¢), where
p* = max{p;}. Maximization of V'] (f) with respect to  is
equivalent to minimization of R} (f).”

Let 6 denote the class of policies 7 for which R} (¢) = o(t%)

ast — o for all @ > 0 and all u, and let #° denote the policy
specified as follows. At times# =1,2,..., N, 0 = ¢, and at
any subsequent time ¢ > N, given sample estimates Yi, ) =
SO Y;/nit) of size ny(t) for wi;, mlyq is the i for which the
“index”

ult, Yin) = Ying + 0:(2 log t/ne))"/? [1]
is largest; for notational simplicity we have suppressed the
dependence of u;(t, 17,-,,,(,)) on n;(t). We prove that #° € 6 and
is optimal in the sense of Theorem 1 below.

The ideas involved in this paper represent a considerable
simplification of the adaptive policy and the proofs employed
in Lai and Robbins (1). They have been extended in Burnetas
and Katehakis (2) to sequential allocation problems with
populations specified by densities that depend on a vector of
parameters and in Burnetas and Katehakis (3) to dynamic
programming. For related work see also Agrawal, Teneketzis,
and Anantharam (4), Yakowitz and Lowe (5), Li and Zhang
(6), and Burnetas and Katehakis (7).

The Optimality Theorem. We first prove two lemmata. Fix
€ > 0 and define the statistics

t
nil(ty 8) = 2}:\, 1{11:;0+1 = i’ ui(j’Yini(j)) > M'* - 8},
j=

t
niz(ta e) = ZN l{‘”}O+l = ia ui(j9Yini(f)) = M’* - 8}.
j=
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Let I(w;, 1f) = (mi — uf)?/20? denote the Kullback-Leibler
information number for the normal densities N(w;, o7) and
N(u, o ?).

LEMMA 1. If p; < p* then lim._.olim,EZ'ni(t, €)/log t <

1/1(pi, p*) < oo,
Proof: Choose 8 > 0 and write EZ'n}(t, €) as EI'Sy + Ef'S),
where - - -

t
2= ZV Ymsy = i, ui(j, Yingp) > w* — & and Yy ) < p; + 8}
iz
and
! — —
3, = % Yrley = i, i, Yingjp) > 1* = & and Yingj) >p; + 8},
I=
From the definition of u;(j, Yin;) wWe get sample-pathwise

t
3 = EN Ymdyy =i, logj/nij) > (u* — & — w; — 8)2/20%}
t
= ,EN Yy, =i, n(j) <logj/Wm;, n* — & — )}
P

t
= EN 1{1'(,94.1 =i, ni(j) <logt/X(p; p* — € — 8)}
I=

= logt/I(;, u* — & — &),

where the last inequality requires the following counting
argument.

Let X; and ¢, = 0 be two sequences of constants (or random
variables), and for any fixed i let n(f) = Zi-; 1{X; = i}. The
definition of n(r) implies that the following inequality holds,
pointwise in the case of random variables:

t
2 W =in()=ch=c, 2]
I
It follows from the above that
EZ S, <logt/I(w;, p* — & = §). (3]

For 3, note that the following relations hold sample-pathwise:

IA

-

S,= 2 Ymley =i, Ving > i + 8}

]

. Ymlyy =i, Yin(j > pi + 8, n(j) = k}

iM-

k

-

M~.
M-.

Ymlyy =i, Ya > i + 8, mi(j) =k}

=
I
-

<.
]
=

= k;ZI WYy > + 5}1_:’2’( Yaley =i, m(j) =k}
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t

2 tk>l"t+8}

where the last inequality is due to the fact that =/, l{1r°+1 =
i, ni(j) = k} = 1. It follows that
t
E'S,<E, > UVy>p+8)
= k=1
! —
= kzl P {Yi> w; + 8} =o(logt) ast —> oo, [4]

where the last equality is a consequence of the tail inequality
1 — ®(x) < ¢(x)/x for the standard normal distribution, which
implies that P, {Yi > p; + 8} = 1 — ®(k'/28/0;) = $(k'/?8/
a)/(kl/zb‘/a) = (2m)~V2%ek8'/201/(k1/28/a;) = O(1/k) as k —

The proof is now easy to complete, using inequality 3 and
Eq. 4.

LEMMA 2. For any p, lime_olim.—.E} ni(t, £)/log t = 0.

Proof: Recall that for j > N, policy ° always chooses the
population with largest index; i.e., if 7y, = i, then u,(j, Y; iny( )
= max, u.(j, Y, Vo .(j))- Thus for j > N the event {11°+1 =i, u;
(J’ Yin(j)) = u* — &} is a subset of {11'0+1 =i, ug(j, Yan (,)) =
w* — €}, where a is any population w1th mean Ma = p.
latter event is obviously a subset of {ua(j, Yan ,)) = p. - e}
Using this observation and the definition of u,,( J> Yan(j)), we
obtain the following inequalities that hold sample-pathwise:

z(t 8)< 2 1{ +1 _l ua(.l9 an,(j))<l-"a }

t

= EN ﬁ‘, Hua(j, Yar) =< pa — & n4(j) =k}

_ZS

— &= 0,(2logj/k)"/?.

£M~

Hence

Eloniz(ta 8) m = I~" — & o'a(2 lOgJ/k)l/z}

J

t

= ZN o(1/j) = o(log ¢) as t — o; [5]

j=

the last inequality follows from the tail inequality and the fact
that p, = p*. Indeed, for any population a, not necessarily with
e = ¥, we have

kéll Py.,{?ak =g €~ 0,(2 IOgI/k)l/z}
= 2 D(—ek'/? — (210gj)"?)
k=1

= i d(ek'? + (21og )7/ (ek"? + (2 10g j)'/?)
k=1

Proc. Natl. Acad. Sci. USA 92 (1995) 8585

=c/(j(21og))"?) = o(1/j) asj —><,

where &, = ¢/0, and ¢ = ¢(g;) > 0. The lemma follows. [

We can now prove the optimality theorem.

THEOREM 1.

(i) n° & 6.
(ii) Forall p, Rio(t) = M(;.L)logt + o(log t) as t — o, where
M(p) = Zicpepr (" — i)/ Wpsi, p).

(iii) For any m & 6, lim=R} (t)/ Ri(t) =1

Proof: For i note that sample-pathw1se, 1=nt) =2+ ni(,
€) + n,z(t €). Thus, using Lemmata 1 and 2, we obtain that if
pi < p*, then lim,E[’n(t)/log t < 1/K(pi, p*) < .

The proof of i is now easy to complete, since for any

N nit) N
RO = tp* — EZ >, DYy = 2 (u* — m)EZn(e).
—i=1j=1 i=1 -
ii follows from the proof of i and Theorem 1 in Lai and
Robbins (1), which implies that for all  in € and all p

moREO/logt= 3, (w* ~ w)/Up u*) ast =

To prove iii we need only divide RZ'(r) and R (r) by M(p)log ¢
when M(p) > 0. If M(pn) = 0 then R (1) =0 for all 7 and
t, so we define 0/0 = 1.

Remark: Note that Lemmata 1 and 2 hold for arb1trary
sequences of random variables when there exist constants u; =
limy_«E;Y and index sequences

ui(t, Yinit) = Ying) + hi(log t/n;(1)) [6]

that satisfy the following conditions:

(41) for any £ > 0 there exist constants C; = Ci(n*, w;, €)
such that h,(log t/n(t)) > u* — w; — e if and only if n,(t)
< log t/Ci(I-"*a s €),

(A2) P{Yy > p; + 8} = o(1/k) as k — =, V5 > 0,

(43) Sk, PATi = p* — € — hilogj/k)} = o(1/j) asj >,
Ve > 0.

In this case the arguments in the proof of part i of the

ogltlmahty theorem hold if the regret is defined as R;(f) =

Zisi(w* — w)ETn(2).

Thus, m—me(t)/l(’gt = Spp<pr(n® = w)/Cp, 1*, O)’
ie,RI(r) = 0(log t), and policy n?, defined analogously, isin
€. However there is no analog of Theorem 1 in Lai and
Robbins (1). Note also that with this definition the r %ret
Ry (t) no longer represents the quantity tu* — EF=Y <12
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