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ABSTRACT

The multi-armed bandit probem is often taken as a basic model for the trade-
off between the exploration - utilization required for efficient optimization
under uncertainty. In this paper we study the situation in which the unknown
performance of a new bandit isto be evaluated and compared with that of a
known one over a finite horizon. We assume that the bandits represent
random variables with distributions from the one parameter exponential
family. When the objective is to maximize the Bayes expected sum of
outcomes over a finite horizon, it is shown that optimal policies tend to
simple limits when the length of the horizon is large.

1. INTRODUCTION. The multi-armed bandit probem is a basic mode forthe tradeoffs
between the exploration - utilization required for efficient optimization under uncertainty. In
this paper we study the situation in which the unknown performance of a new bandit isto be
evaluated and compared with that of a known one over a finite horizon. There are two
experiments denoted by E; (j = 1,2). Associated with experiment E; are i.i.d. random
variables which represent the outcomes of the experiment each time it is used. These random
variables model, for example, the responses of medical treatments, industrial processes,
investment decisions, or even the outcomes of a slot machine (the “bandit"). Associated with
each outcome is a reward. We are dlowed to use either experiment for N times (finite
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horizon). We wish to maximize the expected value of the sum of the rewards achieved during
this finite horizon. Furthermore we assume that the characteristics of experiment E; are
known in advance, while those of E, are not, i.e., experiment E; corresponds to a process
presently in use, while E, corresponds to a new process that is to be evaluated. In this paper
we study the case in which the outcomes from E; (i=1,2) are random variables from the one
parameter exponential family of distributions. In section 2 we postulate a prior on the
unknown parameter of the second experiment, and formulate the problem of maximizing the
expected sum of outcomes. We point out that thisis equivalent to minimizing a suitably defined
regret (expected loss function). In section 3 we summarize a set of results on the the existance
of an optimal policy of simple form finite horizon case, obtained in Burnetas and Katehakis
(1997a). The main contribution of this paper is to extend the finite horizon results and derive a
simple explicit approximation to the optimal policy in the case that the planning horizon is
large. This is done in section 4. Section 5 extends the asymptotic approximations to a
generalized form of the regret function.

The results of section 4 are related to Lai and Robbins (1985) and Lai (1987) who obtained
asymptotic solutions for the more general problem in which one has to choose among k
unknown experiments. Our proofs are along different lines, and are based on classical Dynamic
Programming arguments, as Bradt, Johnson, and Karlin (1956) did for the binomial case. The
results of section 5 are new.

Chernoff and Ray (1965) and Chernoff (1967), obtained asymptotic testing plans for the case of
binomial populations using diffusion processes approximations. The approximation technique
we use to obtain the asymptotic results is related to that of Schwarz 1962, who derived
asymptotic expressions for the hypothesis testing problem, for the case where there is an
indifference region separating the two hypotheses. We use a modification of Schwarz's
argument to obtain upper and lower bounds for the optimal stopping sets, and then derive
asymptotic expressions on these bounds using Laplace's method for the asymptotic expansions
of integrals.

The approximation technique we use to obtain the asymptotic results is related to that of
Schwarz (1962), who derived asymptotic expressions for the hypothesis testing problem, for
the case where there is an indifference region separating the two hypotheses. We use a
modification of Schwarz's argument to obtain upper and lower bounds for the optimal stopping
sets, and then derive asymptotic expressions on these bounds using Laplace's method for the
asymptotic expansions of integrals.

A recent and rather exhaustive survey of the general area is given in Lai (2001); additional
recent work in this area is contained in Burnetas and Katehakis (1993), (1996), (1997a) and
(1997b), Katehakis and Robbins (1995), and Shimkin and Shwartz (1995), (1995b), . For other
related work on the infinite horizon discounted reward version of this problem see Gittins
(1979), Varayia Walrand and Buyukkoc (1985), Katehakis and Derman (1987), Katehakis and
Veinott (1987), Berry and Fristedt (1985), Agrawal Hedge and Teneketzis (1988), and
Glazebrook and Mitchell (2002).

2. THE MODEL. Let E;, E, betwo statistical experiments. Witheach E; ,i = 1,2, there
are associated: i) a scalar parameter ¢; belonging to some set ©, and ii) a sequence of
random variables X; , Yi1, Yi2, ... such that Yj; represents the outcome of experiment E;
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the ji time it is performed, while X; is a generic random variable used to denote an outcome
from E; . Given the value of §; = 6, the random variables X; , Yi1, Yi», ... arei.i.d., with
a probability density function (p.d.f.) f(x | 6) with respect to a non degenerate measure v .
Let 4(6) and o2() denote the expected value and variance respectively, of a random
variagble X distributed accordingto f(x | 9), i.e. u(8) = E(X|0), ¢%(0) = Var (X 9) .

We make the following assumptions.

Assumptions. 1. Thep.d.f f(x | ) belongs to the one—parameter exponential family with a
single natural parameter 4, i.e,

f(x | 6) = eX vO+sx) (2.1)

2. The parameter space is an interval of the form © = (9,0), with endpoints that can be
infinite, and satisfies the following conditions

¢ = inf_ ") >0, &= sup (0 < oo. (2.2)
0o 0o

3. Parameter 6, is known in advance, while 6, is unknown, and following the Bayesian
approach, 6, isarandom variable with prior distribution: Hy(8), 0 € © .

4. Weassumethat: § < 6, < 0, where 9, 0 aresuchthat (u(8),u(0)) ={u(0): 6 € O}.

Remark 2.1. a) We use the natural parameter representation of the exponential family, c.f.,
Cox and Hinkley (1974), page 28. It is known that for the one-parameter exponential family
p(0) =/(0) and o(8) = " (), p(0)is strictly increasing in 6 and the set {u(#): 0 <
O} isaninterval of theform (u(8),u(0)) .

b) Notethatif §; < @ (91 > 6) thenthe problemis trivial, because then one should always
choose E; (Ej) .

Let t (n=N-—1t) denote the number of samples that have already been taken (remain to be
taken). At t=0 we have X; ~ f(x | 61) with respect to v(dx), Xo ~ f(x | 62) with
respect to v(dx), 6, known, 6, ~ Hq(0) .

An observed sample of size k; from experiment E; will be denoted by di(ki) = (Vi1,..., Yik),
i=12 Let k = (kikp), d(k) = (di(ki),da(k)) .

Since 61 isknown, the future observationsfrom Ej, Yix+1, Yike+2, ... , given di(ky), are
i.i.d. random variables with p.d.f. f (x| 1), with respect to v(dx). Since 6, is unknown,
the future observations from Ez, Yak,+1, Yok+2,... given{dx(kz) and 6, =0}, are
i.i.d. random variables with p.d.f. f(x | ), with respect to v(dx). Givenonly da(k2), 62
isarandom variable with (posterior) distribution H(6 | dx(ky) ), defined asfollows

dH(g | da(ke)) = f(da(ke) |8) dHo(8) __f (Yakp|0) AH(6| da(ke—1))

Floele) o) [ T (e 0) HO[dalle-D)) (23)



where di(k) = (di(l —1),¥ik ) , H(8]d2(0)) = Ho(6), and £ (da(kz) | 0)

(respectively  f (dz2(k2) | Ho)) denotes the joint p.d.f. of the sample dy(kz), given 6, = 6
(respectively given the prior Ho) .

Given dy(kz) , unconditional on the value of 6, , the future observations from E;, Yay,+1 ,
You+2 ... , are Li.d. random variables with distribution determined by the marginal p.d.f
(with respect to v(dx) )

f(x | dolke)) = [ F(x| 8)dH(@ | da(ka)) . (2.4)

e

The Bayes estimate of 1(62) given the sample dy(kz) isequal to
fo(d2(k2)) = En(jaae) [#(02) ] = Eft(|dsion] Yokt ] - (25)

For notational convenience we use the same symbol f to denote the p.d.f. of an outcome given
a specific parameter value, as well as the margina p.d.f. of an outcome from E, given the
history of observations da(ky) . Although they are different quarntities, there is no danger of
confusion.

For the one—parameter exponential family case it is well known that the posterior distribution

H (0 | d2(kz)) and the margina density f (x| d2(k2)) defined in (2.3) and (2.4) respectively

are uniquely determined by the two dimensional sufficient statistic, for the unknown parameter,
k

(k2,Yox,) » Where ¥,y = % Zlyz,,- . Thus, we can assume that in relations (2.3), (2.4) and
J:
(2.5) do(k2) issmply thevector da(k2) = (k2,Va,) -

Given da(k, —1) = (k— 1, y) and Yak, = Yok, Oa(k2) is defined by the following
updating scheme

da(ke | do(k—1),y21) = (k “Fry+ g yan) = (komik—1,y,y20), (26)
where m(kyx) = (ky+z)/(k+1).
An N-stage alocation policy isdefined asarule 7 = (7(0), 7(1),..., 7(N— 1)), where
m(t) =m(t] di(ke(tm)), da2(ke(t,m)) ) (2.7)

isequal to a; or as, according to whether at stage t 7 dictates to take a sample from E;
or E» respectively, where

t—1
ki(t,r) = z%l{ﬂ(j)zai}' (2.8)
]:
The performance of apolicy 7 is measured by

t—-1
S = 2 Vel om) ¢ (2.9)



and the expected values
EsS(tr) = E[S(tm) | 02=0] = p(01) Egka(tim) + p(0) Egka(tim), (2.10)
M(tHo ) = En[EsStm)] = Ef(.|n,) [Stm)]. (2.12)

A policy 7" is optimal for the problem of horizon N and initial prior Ho(#) on 6, , if and
only if

M(N,Ho, 7 ) = max M(N,Ho , 7) , (2.12)

where the maximum is taken over al sequential policies defined above.

A more general description of the problem is in terms of a loss function L(6,i) which repre-
sents the expected one step loss incurred when the unknown parameter is equal to @ and a
sample from experiment E; istaken, i.e.,

L(6,i)) = p'(8) —EyX, (2.13)

where u"(6) = max{u(61),p(0)} . Then the Bayes risk during the first t observationsis

R(tHom) = EHO[Xt: L(O.7())] = tEn,[p (8)] — M(tHo,7). (2.14)

i=1

Since, tEu[p (8)] in (2.14) is independent of 7, maximization of M is equivalent to
minimization of R. Thisleads usto the alternative definition of an optimal policy 7"

R(N,Ho,w ) = minR(N,Ho,) . (2.15)

In section 5 we will consider the following more general form of the loss function

L(0,i) = p(01) — p(0)? ,ifi=2and0 <0, —e¢, (2.16)

, otherwise,

(n(0) — u(61))? ,if i=1and 6 > 0; +¢,
{ (n(6
0

where 3> 1, €¢>0.

3. OPTIMALITY EQUATIONS—-PRELIMINARY RESULTS. In this section we state
some preliminary properties and two theoremsof Burnetas and Katehakis (1997a) on the
structure of an optimal policy for the finite horizon problem. It will be more convenient to
discuss the problem in terms of n, the number of samples remaining to be taken until the end
of the horizon N .

Let P(n,ky) be the problem of maximizing the expected sum of observations over a horizon
n, when the initial information about 0, is summarized by H(6 | (k,y)) , i.e., the posterior



distribution of 6, given dax(kz) = (ky). Also let Q(n,ky) be the problem of minimizing
R(n,H,7) , with the same conventions.

For problems P(n,k,y) and Q(n,k,y) definethe optimal value functions

V(n,k,)’) = S]er M (n!H( : | (k! Y):W) ) (31)
Ulnky) = inf RIVH(- | (ky) ), (32)
respectively.

Using standard arguments of Markovian Decision Processes with general state and finite action
spaces (cf. Dynkin 1979) one obtains

Proposition 3.1. a) The functions V(n,k,y) are the unique solutions of equations (3.3),
(3.4) below.

V(nky) = max{r(ky;a;) + V(n—1ky) , r(ky; a2) + E¢(|ky)V(n— Lk+ 1 m(kyXz2))} ,
n=12....N, k=01...N—-n, yeR, (3.3)
V(Oky) = 0, (3.4)
b) Thefunctions U(n,ky) arethe unique solutions of equations (3.5), (3.6) below.

U(nky) = min{c(ky;ar) +U(n—1ky), c(ky;az) + E¢pky)Un— Lk+ Lmky, X))} ,

n=12...N, k=01...N—n, yeR, (3.5)
U(Oky) = 0. (3.6)
The one step expected reward and cost functions r(ky;a;) and c(ky;a;), i=1,2 , ae

defined as follows.
r(ky;a1) = Eg[X1] = u(01), (3.7)

r(ky;az) = Ef(|ky)Xe

= En( |y EsXe] = [ u(8)dH(@ | (ky)) . (38)
c(ky;a1) = En(jkyylp (0)] — rky;ar)]
_ f p(61))dH(O | (ky)) (3.9)



c(ky;az) = En( iy [ (0)] — r(ky;az)]

= J (u(01) — u(0))dH(6 | (ky)) . (3.10)

Moreover, the supremum and infimum in (3.1) and (3.2) are attained by apolicy «*, and they
can be replaced by maximum and minimum  respectively.

In the next proposition it is stated that (3.3) and (3.5) are equivalent to the optimality equa-
tions of appropriately defined stopping problems, where “stopping” means switching to the
known experiment and staying there for the remaining trials. The proof is an extension of that
given in (Bradt, Johnson and Karlin (1956)) for the case of binomial populations.

Proposition 3.2. a) Egs. (3.3) are equivalent to the following

V(nky) = max{nu(01), r(ky;as) + Et|ky)V(n—Lk+1m(ky,X2))} , (3.11)
b) Egs. (3.5) are equivalent to the following
U(nky) = min{nc(ky;a;) , c(ky;az2) + Ef(.|kyyU(n— Lk+1,m(ky, X2))} . (3.12)

We will use the following quantities in the sequel, where log denotes the base e logarithm.

Definitions 3.1. For y = % > Yo let
=1

(0,01 | y) = log 42 (3.13)
Alky) = [, @Y dH,(6) (3.14)
d@) = 0 — 0y, (3.15)

6(0) = pu(0) — p(1), (3.16)

w(0) = %(0) — P(61) . (3.17)

Remark 3.1. From (2.1) it iseasy to see that
£0,01 | y)= d(0)y—w(d), (3.18)
k00,01 | y)+ £(0,01] x) = (k+1) £(0,601 ] mk,yx)) . (3.19)

Using Remark 3.1, we can rewrite the optimality equations so that the expectations in the right
hand side are taken with respect to the density f(z|6,) instead of the marginal density
f(z|(k,y)). Thisisdonein the next proposition.



Proposition 3.3. a) Egs. (3.11) are equivalent to the following set of equations.

vink,y) = max{0,q(ky) + Es.joyv(in— 1L k+1,m(ky, X2))} ,
n=12...N, k=01,...N—-n, yeR,
v(Oky) = 0,
where

vinky) = (M(n,ky) — nu(61)) Alky)

and

atky) = [ 8(6) L@ dHo(6) .

e

b) Egs. (3.12) are equivalent to the following set of equations.

u(nky) = min{nc(ky;a:) ,cky;as) + E¢jsyu(n — Lk+ 1, mky, Xz2))} ,

n=12...N, k=01...N—-n, yeR,
u(oky) = 0,
where
u(nky) = U(n,ky) Aky),

Slkyiar) = [ 5(6) &0 dHy(0)

0>61

olky;a) = — [ 6(6) &N dH,(9) .

<61

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

Theorem 3.1 describes the structure of the optima policy with respect to stopping and

k
continuation intervals for y = % > VY2, while Theorem 3.2 gives a more intuitive
i=1

characterization in terms of inflation factors added to the Bayes estimate of 1.(6,) .

Theorem 3.1. a) For each n, k there existsanumber y,(k) with the property

ay, if y<yn(k)

7 (nky) = {

as , if y>yn(k)

where 7" (n,k,y) isthe action indicated by the optimal policy in state (n,ky) .
8

(3.29),



b) The sequence y,(k) isnonincreasingin n.

Theorem 3.2. a) Foreach n, k,y thereisarea number e(n,ky) withthe property

" a, if EH(-|(k,y)) [M(@z)] —+ e(n,k,y) < M(@l)
Ky) = : 3.30
Tk = Lo it Ent e (6] + <o) > e, (330
where 7" (nky) isthe action indicated by the optimal policy in state (n,k,y), and
e(nky) = — nl) (3.31)

A(ky)
b) The quantities ¢(n,k,y) are positive and increasingin n .

Remarks. The threshold y, (k) represents the amount of immediate reward which we can
afford sacrificing in order to obtain information about 6, , which is valuable for the remaining
decisions.

An interpretation of the quantities e(n,k,y) is that they represent a positive inflation, that is
added to the current estimate of the reward of Ez , fi; = En(|(ky)) [1(62)], inorder to take
into account the uncertainty associated with it.

4. ASYMPTOTICSFOR LARGE N. In this section we obtain properties of the optimal

policy that are related to its behavior when the planning horizon is large. Before we proceed

with the analysis, we shall make another assumption in addition to those in Section 2.

Specificaly, we assume that the prior distribution of 6, is continuousin [@,0], i.e. thereisa

prior probability density function denoted by ho(@), such that dHo(8) = ho(#)dd, with

ho = suphy(8) . This assumption helps simplify the derivation of the asymptotic approxima-
@)

tions below. However it does not restrict the generality of the results, since the discrete case
can be treated in an analogous but simpler way.

The derivations in this section are based on the optimality equations in terms of the regret
defined in (3.24). The main results are given in Theorems 4.1 and 4.2 which provide upper
and lower bounds for the optimal stopping regions. The proofs of these two theorems are based
on a number of intermediate properties, which are given in the appendix in Lemmata A.1-A.7.

For each n define the stopping region S, = {(ky): 7 (nky)=1}.

Theorem 4.1. Under the assumptions made, when n — oo

S, C S C S, (4.1)
where

Sn = {(ky): nc(ky;a1) < (ky;az2)}, (4.2)

S = {(ky): ntky;a) < 2¢/A+KT(Ky;az)} - (4.3)



Proof. From (3.24) and Lemma A.4 (a) it followsthat u(nk,y) > 0. Thus, if
nc(ky; a;) < T(ky: as), thenitisoptimal to stop, i.e. 7 (n,ky) = 1. This provesthe first
part of (4.1).

In order to prove the second part, consider the allocation rule (i) denined as follows: a) take
afixed number i (i < n) of samplesfrom E,, and b) take the remaining n — i samples from
E: or E,, according to whether

CK+ i, mKY,Yoke 1, - Yokei);ar) < CK+i,MKY,Y2ke1s. .. Yokei);az) , (4.4)
or
(_:(k—f— i , m(k,y,yzyk+1,. .. ,yz,k+i) ; al) > C(k‘f’ i , m(k,y,y2,k+1,. .. ,y2,k+i); CLQ) , (45)

respectively, where m(K,y,Yak+1,...,Y2k+i) denotes the new average after the i additional
outcomes

k 1+t Yojo
MKYY2ke 150 Y2kei) = ﬁ/ iy £ KT Yerel (4.6)

Now from LemmaA.4(c) , rule 7(i) has the following risk
RO(nky) = itky;as) + (0= 1) Er (o[ vkt i, mky,Yopon,o. Yoe)) 1, (47)
where y(ky) = min{c(ky;a:), c(ky;a2) } .

Note that in (4.7) the risk is the one corresponding to the transformed experiments (see
Remark 3.1) .

From Lemma A.5, it follows that there exists A > 0 such that
RO(nky) < itky: a) + (n—i) k%i = ¢(i;nky) ,i=01...,n. (4.8)
If we consider the extension of ¢(i) to the rea domain,
pli;nky) = icky a) + (n—i) &5 ., 0<i<n, ieR, (4.9)

then we can differentiate with respect to i

¢'(i) = cky;as) — A (Ei,r;z , (4.10)
(i) = 2A s > 0, (4.12)

hence ¢(i) isconvex. We dso have
¢'(0) = tlky; a2) —A ", (412)

which is negative for n sufficiently large, and
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¢(n) = ckyia)— &5 . (4.13)

which is positive also for n sufficiently large. This meansthat ¢ attains its minimum at some
i",1<i" <n, forwhich ¢/(i") =0, i.e

A A .
i — \/E(k,y;@) (k+n) —k. (4.14)
Let [i']=min{ieN: i>i}. Then [i"] < i +1, and,since¢ isconvex

o([i']) < o(i" +1). (4.15)

Note that

pi"+1) = (T +DTkya) + (N—i" —1) (o

< (F+DTkya) + (-i) &

= 2y/An+KkTky; a) — (k= 1)T(ky; as) — A

< 2y/An+Kcky;a) = ¢ (nky) . (4.16)
Combining the above inequalities we have
RTD(nky) < ¢ (nky). (4.17)

From this discussion we see that for each (nk,y) there is an alocation rule, namely 7 (
[i"(nky)|) as described above, which has expected risk less than ¢" . Thus, if nc(ky; a;)
> ¢, then it is not optimal to stop, since continuing for i© more steps gives a better policy.
So nc(kwy;a;) > ¢ implies that 7 (nky) = 2, or equivaently 7 (nky) = 1 implies
that nc(k,y;a;) < ¢, which completes the proof of the theorem.

Based on Theorem 4.1 we now derive an asymptotic approximation of the optimal policy
7 (nky) as n— oo .

Let
kI (67 (y),01) , if u(@ 01
G(ky,01) = {keég,g)), ) 'if ’;(;;(Q%f“( ) (4.18)

where | (o,7) = E,[log 1:821 Z;] is the Kullback—Leibler information number .

Theorem 4.2. If hy(6) > 0, V6 € ©, then the optimal policy corresponding to the solution
of (3.40) when n — oo can be approximated by the following policy.
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_ fay, if y<p(6) and G(ky,f1) > logn
m(nky) = { az, otherwise (4.19)

Proof. We will show that, for large n, thesets S, and S, defined in Theorem 4.1 can both
be approximated by the set K= { (ky): y< u(01) and kG(ky,01) > logn}. We first
consider §,, which are described by the following relation

cky;ar) 1
_— = 4.20
ckysa) © 0 (4.20)

From (4.20) we seethat, as n — oo, at least one of the following conditions holds:
cky;a;) — 0, or c(ky;as) — oo .

From the definition of ¢(kyy;a;) and ¢(ky;a2) in (3.27), (3.28) it follows that, for any
fixed y, in order for either of the above conditions to be true it is necessary that k — oo .
From Lemma A.6 it is easy to see that, when k — oo, the values of y for which the above
ratio tends to O are those included in the range y < p(61) . We can now use explicitly the
results of Lemma A.6 to obtain an asymptotic approximation for the inequality in (4.20) . In
thecase y < u(61), that we areinterested in, we have from (A.32) that

ok ) ~ G PR

As for t(k,y;a>), we must consider three cases corresponding to bl, b2 and b3 of Lemma
A6, namdy ajy< u(@), b) y=pu(@), and c) u(@) <y< u(d;). For each one of
these cases (4.20) takes the following forms:

Incase (a)
ckysa) 2ho(61) 1
c(ky;asz) (1(61)—y)2 (1(61)—12(8)) ho(8) k4 EF1LTY) S (4.21)

Since y < u(@), from Lemma A.3, £(8,61 | y) > O, therefore, the above approximate ex-
pressionisdecreasingin k, and since n — oo the inequality holds for

k((0,61] y) > logn — o(logn) . (4.22)

For cases (b) and (c) we can show in the same way that the approximate solution of (5.22) is

k((0,61] y) > logn — o(logn), (4.23)
and
ki (0" (y),02) > logn — o(logn) , (4.24)
respectively.

We now turn to the inequality which definesthe set S, in (4.3). This can be rewritten as
12



(C(ky;a))? _ 4AK)
c(ky;asz) n?

(4.25)

We can use again the approximations obtained in LemmaA.6, to obtain relations analogous to
(4.22), (4.23) and (4.24) for the three cases. For case (a) we now have

(cky;a))® 4h3(6)) o AANK)
ckyian)  (uB)-Y)* ((6r)-p(8) ho(8) K ETEATY "o

(4.26)

Consider (4.26) with the inequality replaced by equality. Assuming that for fixed y the unique
solution in k satisfies k/n — 0, the right hand side is of the same order as 1/n, thus we
obtain the following

k£(6,0; | y) = logn — o(logn) (4.27)

for the asymptotic solution of the equality. This form is in agreement with the assumption
k/in — 0. Since the approximate expression in (4.26) is decreasing in k, while the right hand
side isincreasing, the required inequality will hold for

k€(6,0; |y) > logn — o(logn) . (4.28)
Incases (b) and (c) the corresponding expressions will be
k€(6,0; |y) > logn — o(logn), (4.29)
and
ki (6" (y),#1) > logn — o(logn) . (4.30)

If we combine (4.22) with (4.28); (4.23) with (4.29); and (4.24) with (4.30) , we can see
that both §, and S, can be described approximately for large n by the following inequalities

k£(0,01|y) > logn , when y < u(@), and (4.31)
ki (6" (y),61) > logn , when u(8) <y < u(61) . (4.32)

Therefore, based on Theorem 4.1, we can also approximate the stopping set S, with the same
region, and now the asymptotic interpretation of the optimal policy is possible. Namely, in the
case pu(8) <y < p(:) stopping is required when ki (8" (y),6:) > logn , and in the case
y < u(8) when k€(8,0; |y) > logn.

Remark 4.2. a) A conseguence of Theorem 4.2 is that, for large n, it is never optimal to
stop sampling from E; when y > u(6,) , even if the current posterior distribution of 0, is
unfavorable, i.e. En[62] < w(61).

b) The asymptotic policy derived in Theorem 4.2 is independent of the initial prior p.d.f. ho ,
when ho(#) > 0, V0 € © . If this condition fails, it can till be shown, based on Remark A.1,
that a more general form of the asymptotically optimal policy is
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1,if y<u(é) and k€(7,01 | y) > logn

m(nky) = { 2 . otherwise (4.33)

where
£ =inf{0>61, ho(6) >0}, (4.34)
and 7 isthevalueof ¢ which maximizes £(0,6, | y) inthe support of the prior p.d.f.

¢) The policy in (4.19) is analogous to that described in Lai and Robbins (1985) and in Lai
(1987) , in the genera case where there are m unknown experiments to be compared. Their
asymptotically optimal policy is based on the use of upper confidence bounds (which essentialy
estimate the unknown parameters) in the following way. If x; is the average of T, successive

observations from experiment E; , j = 1,...,i, theupper confidence bound is defined as
. Ti/IN
Ui(T %) = inf{0> 0, 1(6,,0) > 25N}, (4.35)

where 0y is the maximum likelihood estimate for 6; given (Tj,x), and g is afunction that
satisfies certain assumptions (cf. Lai (1987)), among which is that g(t) ~ logt~' when
t — 0. Then the policy suggests sampling from the experiment with the largest upper
confidence bound.

Here, from (4.33) we can see that for every state (n,k)y) there is a number 67(n,k)y) such
that if the known parameter 0; of E; islessthan #1(nky), then it is optima to continue,
otherwise it is optimal to stop. The value of #(nk,y) can aso be determined from (4.33) as
follows.

Oinky) = inf{6>6'(y), 1(6°(y),0) > 'Y}, if u(@) <y<p(6r), (436)

thus,
gy(nky) = inf{0 >0, £0.61]y) > 2"} if y< pu(0). (4.37)

Therefore, 87(n,ky) plays essentially the same role as the upper confidence bounds, if one
considersthefact that T;/N — O in (4.35).

5. GENERALIZATION OF THE REGRET. The regret R(t,H,r) was defined in (2.16) as
the Bayes risk corresponding to the loss function L(6,i) defined in (2.15) . It was shown
that, for this particular choice of loss function, the problems of maximizing the expected sum of
outcomes and minimizing the Bayes risk are equivalent. In this section we consider a more
genera formfor L(6,i), namely

L(0,) = (0 (0) — EsXi)P 1{ jg—gy|> e} - (5.1)

or equivalently

14



L(0,i) = { (u(01) —p(@)° ,ifi=2and 0<0,—¢ , (5.2)

0, otherwise

{(,u(ﬁ),u(ﬁl))ﬁ yifi=1and 0>0;,+e¢

where 8> 1, € > 0. This definition of L(6,i) includes (2.15) as a special case obtained
when =1 and ¢ = 0. It aso includes other useful loss functions, such as the quadratic loss
(8 =2,e=0). Furthermore, the case ¢ > 0 corresponds to the existence of an indifference
region in a neighborhood of the known value, in which no lossisincurred, i.e. , if 6, € (01 — e,
61 + €) , then both actions are optimal.

Remark 5.1. To avoid trivialities, we assume that ¢ < min{6, — 6,0 — 0, } . Thisensures
that there are possible values of 8, at both sidesof 6, which are distinguishable from 61 with
respect to the loss function, thus the decision problem is not trivial.

For the loss function defined in (5.1), the second equality in (2.16) is not true in generdl.
Therefore there is no immediate analogue for reward maximization. Nevertheless, we can till
formulate optimality equations for the problem of minimization of the regret R(n,H,r), asin
section 3. For the finite horizon case Theorem 3.1 is still valid. Furthermore, there are
analogous expressions for the asymptotic approximations derived in section 4. In the
remainder of this section we highlight the necessary modifications in the formulation, the
intermediate properties of the one step regret functions, and the proofs.

For the dynamic programming formulation, we can still define the optimal value function for
the regret as in (3.2). Then the optimality equations for U(n,k,y) have exactly the same form
as those given in (3.5) and (3.12), the only difference being that the one step cost functions
defined in (3.9) and (3.10) now take the form

c(ky;a) = Enx(|ky)[L0,a)], (5.3)
and more specifically

c(ky; a1) - Hf (1(8) — p(61))7 AH(O | (ky)) (5.4)

c(ky; az) :Mf_ (1(01) — p(6))7dH(0 | (k) - (5.5)

Proposition 3.3.b still holds, but now with

cky;a) = [ (6(0))7 40NV dH,(0) (5.6)
clky;as) = [ (—8(6))° CnIdH,(0) . (5.7)

The discussion in section 3 was based on the optima reward function v(nky) and the
optimality equations (3.20) . If we define

aky) = cky;ar) —c(ky; az) (5.8)
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and
v(nky) = nc(ky;a;) — u(nky) , (5.9)

then the quantities q(k,y) and v(n\k,y), athough they do not possess immediate inter-
pretation as in section 3, satisfy optimality equations analogous to (3.20). Thus we can
establish the structure of the optimal policy for the finite horizon problem analogous to that
described in Theorem 4.1.

Now we turn to the asymptotic properties corresponding to those of section 4. Lemmata A7—
A8 in the Appendix are the equivalent of A5—A6 for this case.

2
Let £ = Cl—ze . The analogue of Theorem 4.1 is presented in the following theorem.

Theorem 5.1. Under the assumptions made, when n — oo

SCSCS, (5.10)
where

S = {(ky): ncky;ar) < Tky;as)}, (5.11)

S = {(ky): nc(ky;a1) < Zc(kgy;az) log C(,fiy;zz) } (5.12)

Proof . Egs. (5.11) can be proved in the same way as (4.2) . For (5.12) we can aso use the
same arguments as in Theorem 4.1, up to inequdlity (4.8), which here, using Lemma A.8, takes
the form

RO(nky) < itky;ar) + nAekE — 4. nky) , i=01,...n. (5.13)
For the extension of ¢ intherea domain we obtain
¢ (i) = cky;as) — EnAe kS (5.14)

Thus, ¢ is ill convex, ¢'(0) < 0, and¢'(n) > 0 for n sufficiently large. Therefore, the
minimum is attained at the root of the first derivative,

" = Liog % _ (5.15)
Let [i']=min{ieN: i>i}. Then [i'] < i +1, and, since¢ isconvex
o([I']) < (" +1). (5.16)

But
o +1) = (i" + 1Tky; as) + nAe ki +1)

< (" +Deky; az) + nAeki)E
16



c(ky;az)

_ Ckyian) | AN

= % Tkyar) ~ Ko Delkyian) + ===
- 2(‘:(k,3§/;a2) log E(x;;) — ¢ (nky). (5.17)

Now the second inclusion relationship in (5.10) follows from (5.17) in the same way that
the second inclusion relationship in (4.1) follows from (4.16).

We findly establish the approximation of the optimal policy for large horizon, similarly to
Theorem 4.2, for ¢ > 0. Define the following sets

Ki(nky) = {(ky): p(01—¢) <y<pu(01+e¢),
6(91 —¢€,01 | y) > 6(91 + €,041 | y) and

k(€61 — €01 ]y)—£(61+¢€61]Y) > logn}, (5.18)
Ka(nky) = {(ky): u(@ <y < p(01—¢) and

K(1 (67 (y),01) — £(01 + €61 | y)) > logn}, (5.19)
Ka(nky) = {(ky): y<p@ and Kk (£(€,01 |y) — £(61+¢€01]y)) > logn}. (5.20)

Theorem 5.2. Ife >0 and hy(6) > 0, V0 € ©, then the optimal policy as n — oo can be
approximated by the following policy.

m(nky) — {1, if (ky) € i§1 Ki(n,ky) (5.21)
2, otherwise

Proof. The approximate characterization of the sets S, of Theorem 5.1 can be derived in the

same way as in Theorem 4.2, now making use of Lemma A.9 for the asymptotic

approximation of T(k,y; o). As for the approximation of S,, we note the following. It must

be till true that T(k,y; a») tends to infinity in order for (5.12) to hold. So logt(k,y; a>) will

be positive for (ky) € §,, and

c(ky;az)

¢ (nky) < 2==¢g= log(Asn), (5.22)
or in set notation
_ B 2¢(ky;as9)
S {(ky): nclky;ar) < =g log (An) } . (5.23)

Instead of approximating S, , we obtain asymptotic characterizations for the sets on the right
hand side of (5.23) . Following the same reasoning as in Theorem 4.2, it can be shown that
these sets, as well as S, , are approximately described by Ki(n,k,y) as they were defined in
(5.18)—(5.20) .

6. CONCLUSIONS AND FURTHER WORK. The asymptotic policy of Theorem 4.2

has interesting properties that are intuitively expected. In each step, if the average of the

observed samples taken from the unknown experiment E, exceeds the expected value of the
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outcome for the known experiment Ej, i.e. y> u(6;), we continue sampling from E; .
Otherwise the decision is based on the quantity

(0°(y),601), if p(@) <y< p(6)
Glley) = {kw,eo Cyae 61

where k denotes the number of samples taken from E,, 6" (y) is the maximum likelihood
estimate of the unknown parameter 0, of E, based on the average y of the previous k
outcomes, and | (8 (y),6;) is the Kullback—Leibler information number, which represents in
some sense the estimated distance between the distributions of the two experiments (Kullback
and Lebler (1951)). We continue or stop, according to whether G(ky) < logn or
G(ky) > logn, respectively. Note that G(k,y) increases when either the number of available
samples or the Kullback—L eibler information number increases. So this quantity is a measure of
the confidence that the true value of 6, is really less than 8, , when the sample average we
have observed islessthan p(6;) .

The following conjectures concerning the asymptotically optimal policy for the case that there
are m unknown experiments to be compared, instead of one known and one unknown, (i.e., the
multi—-armed bandit problem) can be made. A key idea here would be to consider the policy
described in Theorem 5.1 as afunction of the value 6, of the known experiment, as we did in
Remark 5.1.b. Using similar sufficient statistics to those used for E, , we can compute, using
(4.36) and (4.37), for each unknown experiment E, i=1...,m, a vaue 6 of a
hypothetical known experiment Ej;, which would make it indifferent to continue sampling from
E; or switch to Ey; for the remaining samples. Then we can compare the “index" values 6y; ,
and take the next sample from the experiment with the largest index value. We shall deal with a
rigorous statement and justification of these conjectures in a next paper. The ideato replace the
unknown parameters with indices equivalent with them in some appropriate sense, appears in
the fundamental papers of La and Robbins (1985), as we have aready discussed, and Gittins
(1979), which deals with the discounted infinite horizon version of the multi—armed bandit
problem.

APPENDIX

The next lemma, summarizes properties of the Kullback—L eibler information number | (p,7)

| (0,7) = E,[log fE '| 3] (A1)

Lemma A.1. When f belongs to the one parameter exponential family (2.1),

I (o7) = (0 —7)plo) — (o) — (7)), (A.2)
o) = [ (r—6)v/(6)08, (A.3)
(1—0)? (r— 0)2

Cl 2 S I (UvT) < CQ
Proof. For (A.1) and (A.2) seeLai (1987). (A.4) isimmediate from (2.2) and (A.3).
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Lemma A.2 indicates a useful relationship between the log-likelihood ratio £(0,61 | x) defined in
(3.13) and the Kullback Leibler information number.

Lemma A.2. a) £(0,01 | x) isconcavein 6 .

b) vx ¢ R: 36" =6"(x), suchthat £(6",0; | X) = max. £(0,01 | x), where
€

0" (x) = {

Moreover, if p71(x) € ©, then

%), if g i(X) €O
if ul(x)¢ 0 and £@,0,] x) > £(8,0,] X) (A.5)
if ul(x)¢ 0 and £(B,0,]X) < £(0.01] X) .

> <=

00,01 | x) =1(6,01) . (A.6)
c) If x< u(g), then

£0,61] x) > 0. (A7)
Proof . From (3.18)

8(6,01 | X)

" = x— pu(0), (A.8)
W = —p0) = —¢"() < 0. (A.9)

Hence £(0,01 | X) is concave in @, and its maximum in 6 € © is attained either at the point
where £y =0, i.e, a 6* = p~!(z), if this point belongs to ©, or else at one of the end-
points. Furthermore,

Lp™ (x),00] ) = (07 (¥) — 1) x— (% (™ (X)) — 9(62))
= (7 (¥) = 0) p(p™ (¥) = (¥ (u™ () — 2(01))
= | (p(x),01) . (A.10)
This proves (a) and (b).

For (c) we first note that every concave function has at most two roots, lying on opposite sides
with respect to its maximizing value. Hence ¥x € R, the equation £(6,61 | x) = 0 ,
besides 6, , hasat most one more solution 0(x) , possibly not in © , which has the following
property

0(x) < p(x) < 01 if x< p(61), and
01 < pi(x) < O0(x) if x> p(6) .
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When x < p(f) < p(61) itistruethat (x) < p(x) < 8 < 01 , thus£(8,01 | X) > 0.
Lemma A.3. Let x(n) denote the solution of the equation

A 1

XO(eAX - F

for x,n > 0, and constants a, A, A > 0. Then

(A.11)

a) (A.11) holdswith “ <" for x > x(n) .

b) There existsafunction e(n) such that
e(n) ~ alog(logn) as n— oo and Ax(n) =logn — ¢(n) .

Proof . a) For A, A > 0 theleft hand side of (A.11) isincreasing in X .
b) For x= x(n) (A.11) can berewritten

Az (n) —logn = — alogz(n) + log A (A.12)
from which it follows that

logn—alogz(n)+log A
z(n) = 5 :

Substituting this expression for x(n) in the right hand side of (A.12),

Az(n) —logn = — alog <|°g”_o‘|°g;(")+log’4) + log A.

Let e(n) =logn— Ax(n),B=alogX +logA. Then

e(n) = alog <Iogn—alog)\x(n)+logA) —logA

alogz(n) logA
= alog<logn<1 ~ “TJogn + Iogn)) — log\ — log A,

or equivalently

alogz(n)
logn

e(n) = aloglogn + alog<1 — + IogA) - B. (A.13)

logn

From (A.11) it follows that z(n) > 0 and lim z(n) = oo, thus lim % = 0. Therefore,

rewriting (A.12) as

logn alogz(n) log A
A=) T Tz T a)
it follows that
cox(n) 1
Jim fogn = X -
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and

. logz(n)
Jm Togn = M Zutm) Togn =

logz(n) z(n) 0 (A.14)

From (A.14) it follows that

. alogz(n) | logAY\
n“j}o")g(l "~ logn + Iogn) =0,

thus, from (A.13), asn — 0, e(n) ~ aloglogn. This completes the proof.
The following lemmata describe useful properties of the transformed one step regret functions.
Lemma A.4. The quantities ¢(k,y; o) definedin (3.27) , (3.28) satisfy
a) cky,a) >0, V ky. (A.15)

b) Vk, cky;a;) isincreasingin y.
vV k, c(ky;as) isdecreasingin y.

C) B [ck+ 1, mkyX); a)] = tky; a). (A.16)
Proof . The proof of (a) is immediate by definition. Part (b) can be proved by taking the
derivative in y and observing that §(0)d(6) > 0. Part (c) expresses an intuitive martingale

property, which can be easily proved as follows. For a=1, we use (3.19) and (3.27) to
obtain

Ep,[Ck+ 1L mkyX);a1)] = [ ck+1m(kyx);a)f(x | 61)v(dx)
= Jio [, 6(6) el CAIMRGH(0)f (x | 61)1(cK)

= [y Jor 6(6) 051N L0000 dHo(0)F (x | 61) ()

— [ 6(0) €400 [ (x| 6)w(dx) dHo(0)

= foS(@) eONnNdH.(6) = T(ky;a) (A.17)
The case =2 can be proved similarly.
Let us define the function
v(ky) = min{c(ky;a1), c(ky;as) } - (A.18)
For this quantity the following result holds.
Lemma A.5. v(ky) = O(+) uniformlyin y.

Proof. It sufficesto prove the following intermediate claim.
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JA> 0: okp(d);a) < &, vk=12,... ,i=1.2.

Indeed, supposethat (A.19) holds. Then we consider two cases.
Casea y > u(f1). FromLemmaA.4.b

y(ky) < Tlky;az) < Slkpu(br); a) < % -
Caseb. y < u(61) . Inthe sameway

y(ky) < Tlkyiar) < Slkp(b): ar) < % -
So y(ky) < &, WKy, which proves the lemma.
We next prove (A.19) .

From (3.27)

S(kp(01);a1) = [ 5(6) OAIn) ho(9) dp .

But £(0,01 | p(61)) = (0 —01)p(01) — (W(8) —(01)) = —1(61.9),
_ 2 )
‘Czw < 0061 | p(6) < — R

From mean value theorems of calculus we obtain

6(0) = p(0) — p(61) = ¥'(§)(0—01),
for some ¢ € (61,0) . Sofor 0 > 64

6(0) < &(0—01).
From (A.23) and (A.25) we obtain

_ [4 (6—67)2
clkp(Br);am) < G Ro [ (6-01)e*a T2 do
0

Let A = 2Mo  Tphen
G

N N
clop(n)ia) < § Q-e 7)) < .

Following the same reasoning it can be shown that

Skp(0r);as) < &
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and (A.19) is proved. This completes the proof of the lemma.
The next two lemmata describe asymptotic properties of Tt(ky; a) .

Lemma A.6. If hy(d) >0 V0 € © and y< u(61), then the following asymptotic relations
hold, as k — oo .

1. Fora = ay,

Slkyian) ~ R (A.29)

2. For a = a»,
a) If p(@) <y<p(6),then

o(ky;az) ~ —8(6"(y)) ho(6"(v)) T W) [l (A.30)

b) If y< u(g) , then

c(ky; az) ~ y_—M ) K . (A.31)

o(ky; as) ~ —68(8)ho(g) @) [T (A.32)

Proof . The proof is based on the Laplace method for approximating integrals of exponential
functions (cf. Erdélyi (1956)). From (3.27) we have

oky:ar) = [y 8(6)e4CnY) ho(6) df (A.33)
cky;a) = — [6(0) P YdHo(0) . (A.34)

From Lemma A.2 we see that, when y < u(01) , £(0,01 | y) attains its maximum value in
[61,0] for 0=01, and in [0,6,] for 0 =7, where 7=0 or 7 =6"(y), according to
whether pu(8) <y < p(01), or y= u(8) respectively. Therefore, when k — oo, the main
contribution to the value of ¢(k,y;a) for a = 1,2, will arise from the values of the integrand
in a neighborhood of this maximizing value. The main idea of the Laplace method is to intro-
duce a new variable of integration z, such that

22 = (01| y)— (6,61 ]Y), (A.35)
z<0(>0),foro0<7 (0>1), (A.36)
and to reduce the area of integration in a neighborhood of 7 .

We first consider the case a,. From (A.35)
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2zdz = — (y—p(6))do, (A.37)

dd = -2 dz. (A.38)

y— u()
Here 7=6,, £(r,61| y)=0, andsofor n >0
191+T]

Slkyian) ~ [ 5(6)d@aIn, fz AR ek gz, (A.39)
01

where

Z=+—L6:+n,6.]y). (A.40)
Since only the values of z close to zero are significant, we can expand the region of integration

to infinity

=k v 00)o(0(2)) k2
o(ky: ai) ~ f 22 iy €XF dz. (A.41)

We can further approximate the above expression by substituting yrflsa(z) with its value at
z=0, i.e. a 6 =6;. Then we integrate by parts, considering 6 a function of the integration
variable z

&)

clky:ar) ~ — w2 [ 276(0(2) €X7 dz

o

o

ho(61) dé(6(2))
ey Of g o), (A.42)
But
d4s(6 M
B2 — o) & = vee) =2k, e

from (A.38) . Substituting again 1{;5(0(23) withitsvalueat z= 0,

— hO 1 i 1 > —
cky,ar) ~ — % Of —226% dz



No(61) 4" (64
- (yﬁuzﬁl))(z k)2 ’ (A4)

and (A.29) isproved.
We now consider the case ¢ = 2 and each one of the three subcases.

2.8) u(01) <y < p(@). Here 7 = 6" (y), whilefromLemmaA.2,
£(1,01|y) =1(6"(y),0:). Following the same method, we obtain a relation analogous to
(A.39) for a =2, namely for somen,m2 > 0

9*+772
cky;as) ~ — [ 5(6) @0 hy(6) do
0" —n1
Z;
* (0 ho (6 _
_ HE W) zf 27 WD) 12 g, (A.45)
where
Zy = —/10°(y),00) =L () —m.01]Y), (A.46)
Z, = /1(0°(y),01) —£(0°(y) + 72,01 y). (A.47)

We expand the integration region from — oo to oo, and sinceinthiscase z= 0 corresponds
to 0 = 6" (y), wesubgtitute 6(0(2)) ho(0(2)) with 6(6" (y)) ho(8" (y)) .

&)

olky ) ~ 266" (y)ho(6" () O [ Ty e Tz (A49)

—00

For z=0 it is y— u(08(0)) = 0. Applying de I' Hospital's rule to find the limiting value of
m when z— 0 yields

im —2% — —fm —L1 . - _ 1 iy —L1
z—0y—p02) z—0 —¥0E@DE VOO 250 b
thus
- z 2 _ 1
Moy ue@) " = T (A49)

Z - - .
We also note that V= (6D) < 0 foral z, whichimpliesthat

. Z
zﬁnom = TV wey) (A.50)

and the integral becomes
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&)

o(k¥;a) ~ — /gy 60 )ho(8 (y) M) [ ek dz

= i SO NE () HCO T (A51)
Thus we have established (A.30).

The remaining cases to be proved are 2.b) and 2.c) , which correspondto y < u(8) . Now we
have that 7 =0, £(1,01|y) =4€(0,61|y) > 0 from Lemma A.3.c. Performing the
transformations (A.43) , (A.44) and reducing the integration region to a neighborhood of ¢ ,
i.e. [8,0+n] forsome > 0, weget

0+n

cky;as) ~ [ 6(6) @Y ho(6) do

9

Z
_geniy [ WD) iy,
0

where

Z = JUQOLy)—L@+n,01]Y) . (A.53)

2.b) When y = u(8), areation analogousto (A.59) can be established

- Y A
le_r>no_ y—p(6(2) 2y'(8) - (A.54)
With the same reasoning as in the previous cases

&)

(_:(k,y, a2) ~ = 1/1”2(Q) 6(Q) ho(Q) ekﬁ(Qﬁl) f e_kzde

o

_ WZ(Q) 5(0) ho(0) ¢(@.61) \/g , (A.55)

which proves (A.35).
2.c) Finaly when y < u(8),

Skysas) ~ — SEE i@h) [ (- 27) e*7 gz
0

2000) e L [ gerk? — M) St (A.56)

0
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Remark A.l. InLemmaA.5 we made the assumption that the prior p.d.f h, ispositive on the
entire parameter space © = [9,6] . This ensures that the values for which the log-ikelihood
ratio attains its maximum value in the integration region are independent of hy(6). When this
assumption is dropped, the same line of argument remains valid. However the expansion of the
integrals becomes more tedious, since one has to consider separately cases such as hy(6) = 0,
for 6 <0,+¢, or for >0, —€, or 1 —e <8 <60;+¢. According to each individual
case examined, one must integrate in a neighborhood of a value 6, which is closest to the
maximizing value, and has postive prior p.d.f. The corresponding asymptotic expressions
cannot be given in advance for the general case, but can be derived following the same general
approach.

Lemma A.7. If ho(d) >0, V6 € © and y > u(61), then the following asymptotic
relations hold, as k — oo .

1. For a =a;,
a) If y=pu(0;) , then
kysan) ~ ) (A.57)

b) If u@) <y< u@ , then

c(ky.az) ~ 66" () ho(6" () 1 ), [m B (A 58)

4. 1f y=p@) , then tky,ai) ~ 6@) ho(@) <@y /W%)—k_ (A.59)
. 0 0 (?,0 ly)

5. 1f y> p(@) . then Clkyar) ~ 2D0D TR (A.60)

2. For a = a,,
a) If u@) <y< pu(61),then

oky:az) ~ —8(6°(¥) ho(6" (y)) T W) [ (A1)

b) If y< u(g) , then

o 2611y)
olky;az) ~ 5%2(5) - - (A.62)

) If y=p(0) , then
c(ky; a2) ~ —6(0)ho(g) 4@y Ok (A.63)
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Proofs of Section 5.

First note that Lemma A.4 holds unatered for the more general loss function of Section 5.

2
Lemma A.8. Inthecase 3> 1 and € > 0, ~(ky) = O(e‘kCl?) , uniformly in y.

Proof. The proof goes aong the same lines as in Lemma A.5 , up to relation (A.26) , which
takes the form
R (0-61)2
Clop(Br)ian) < 5 Ro [ (0-01)7e* 2 o

(91 +e

_ 0 . 00)?

< Fh@-0) [ e 2 do
(91+€

_ 2 0

< G @017 e*z [ do
(91+€
62 52

= G he@—0) @—01—e)e*rz = pe*a 7, (A.64)

Similarly we can show that there exists A, < oo such that

52
Slkp(01)a1) < Ae Xz | (A.65)

and so

2
v(ky) < AeXz (A.66)
with A = max{A1 ,Az} .

For the case ¢ > 0 we can prove the following Lemma, using the same method as in Lemma
A.6.

Lemma A.7. If hy(d) >0, VO € ©, then, according to the value of y, ¢(k,y; a) has the
following asymptotic forms, as k — oo .

1. For a=ay , if y<pu(f1+e¢) , then

Clkyia) ~ PBEQEELIN ey (A.63)

2. For a =as ,

a) If y>pu(01—e¢) , then
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_ ho(61—¢) (—6(01—¢€))P £(01-€011Y)

b) If y:,u(el—e) , then

c(ky:az) ~ ho(fr —€) (— 6(61 — €))Pektllr=ebuly) 7

kl/)”(@]_—G) '

c) If u(@) <y< u(01—e¢),then
Clkyias) ~ (=60 (1)) hol@ () €0 [ 2
d) If y= u(@) , then

c(ky; as) ~ (—6(8))P ho(g) L@hly) w

1/)”(Q)k
e) If y<pu(@) , then
(kv (-5(6))° ho6) €211y
clkyiaa) ~ @)=y K
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