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Abstract

We develop asymptotically optimal policies for the multi armed bandit (MAB), problem, under
a cost constraint. This model is applicable in situations where each sample (or activation)
from a population (bandit) incurs a known bandit dependent cost. Successive samples from
each population are iid random variables with unknown distribution. The objective is to have
a feasible policy for deciding from which population to sample from, so as to maximize the
expected sum of outcomes of n total samples or equivalently to minimize the regret due to
lack on information of sample distributions, For this problem we consider the class of feasible
uniformly fast (f-UF) convergent policies, that satisfy sample path wise the cost constraint. We
first establish a necessary asymptotic lower bound for the rate of increase of the regret function
of f-UF policies. Then we construct a class of f~-UF policies and provide conditions under which
they are asymptotically optimal within the class of f~-UF policies, achieving this asymptotic
lower bound. At the end we provide the explicit form of such policies for the case in which the
unknown distributions are Normal with unknown means and known variances.

Keywords: Inflated Sample Means, Upper Confidence Bound, Multi-armed Bandits, Sequential
Allocation

Introduction

Consider the problem of sequential sampling from a finite number of independent statistical
populations, where successive samples from a population are iid random variables with unknown
distribution.

Consider the problem of sequential sampling from % independent statistical populations, IT?,
i =1,...,k. Successive samples from population 7 constitute a sequence of i.i.d. random variables

i, X3 ... following a univariate distribution with density f;(|¢;) with respect to a nondegenerate

measure v. The density f;(|) is known and 6, is a parameter belonging to some set ©,. Let § =
(01,...,0;) denote the set of parameters, § € ©, where © = 01 x ... x O. Given 0 let M(Qj =
(p1(8y), - -, uk(8),)) be the vector of expected values, i.e. u;(6;) = Ep(X"). The true value 0, of 0 is
unknown. We make the assumption that outcomes from different populations are independent.



Sampling from population II; incurs cost ¢; per sample, and without loss of generality we assume
¢t <c?<...<cV, and not all ¢ are equal. Without loss of generality we assume c' < ¢ < cF.
In case ® < ¢! the problem is infeasible and in the other case where ® > ¢* the cost constraint is
redundant. Let d = max{j : d < co}. Then 1 < d < k and ¢ < P < ¢4, We consider adaptive
policies which depend only in the past observations of selections and outcomes. Specifically, let
Ay, Xy , t = 1,2,... denote the population selected and the observed outcome at period t. Let
ht = (1,1, ..., ¢4—1,x1—1) denote a history of actions and observations available at period t. An
adaptive policy is a sequence m = (71, m2,...) of history dependent probability distributions on
{1,...,k}, such that m¢(j,he) = P(A; = jlh). Given hy,, let T2(n) denote the number of times
population a has been sampled during the first n periods T%(n) = Y., 1{A4; = a}. Let Vx(n) and
Cx(n) be respectively the total reward earned and total cost incurred up to period n, i.e.,

k
Vr(n) = Z Xi, (1)

k

Ce(n) = A1{A, =i} (2)
We call an adaptive policy feasible if

Ca(n)/n<c® Vn=1,2,... (3)

The objective is to obtain a feasible policy 7 that maximizes in some sense EgVr(n), V6 € ©. In
the next section we will show that this is equivalent to minimizing a regret function R,(8,n) that
represents the expected loss due to lack on information of sample distributions. For this, we consider
the class of feasible policies that are uniformly fast (UF) convergent, in the sense of Burnetas and
Katehakis (1996b); we call these polices (f-UF) policies. We first establish in Theorem 1, a necessary
asymptotic lower bound for the rate of increase of the regret function of f-UF policies. Then we
construct a class of “block f-UF” policies and provide conditions under which they are asymptotically
optimal within the class of f-UF policies, achieving this asymptotic lower bound, cf. Theorem 2. At
the end we provide the explicit form of an asymptotical optimal {-UF policy, for the case in which
the unknown distributions are Normal with unknown means and known variances. These policies
form the basis for deriving logarithmic regret polices for more general models, cf. Auer et al. (2002),
Auer and Ortner (2010), Cowan et al. (to appear), Cowan and Katehakis (2015a).

The extensive literature on the multi-armed bandit (MAB) problem, includes the following: Lai
and Robbins (1985), Katehakis and Robbins (1995), Kleinberg (2004), Mahajan and Teneketzis
(2008), Audibert et al. (2009), Auer and Ortner (2010), Honda and Takemura (2011), Bubeck and
Slivkins (2012), Cowan and Katehakis (2015b) and references therein. As far as we know, the first
formulation of the MAB problem with a side constraint considered herein was given in Burnetas
and Katehakis (1998). Tran-Thanh et al. (2010), considered the problem when the cost of activation
of each arm is fixed and becomes known after the arm is used once. Burnetas and Kanavetas
(2012) considered a version of this problem and constructed a consistent policy (i.e., with regret
R, (n) = o(n)). In this paper we employ a stricter version of the average cost constraint that requires
the average sampling cost not to exceed c® at any time period and not only in the limit. Badanidiyuru
et al. (2013), considered the problem where there can be more than one side constraints (“knapsack”)
and showed how to construct polices with sub-linear regret. They also discuss interesting applications
of the model, such as to: problems of dynamic pricing Wang et al. (2014), Johnson et al. (2015),
dynamic procurement Singla and Krause (2013), and auctions Tran-Thanh et al. (2014). Ding et al.
(2013) constructed UF policies (i.e., with regret R.(n) = o(logn)) for cases in which activation costs
are bandit dependent iid random variables. For other recent related work we refer to: Guha and



Munagala (2007), Tran-Thanh et al. (2012), Thomaidou et al. (2012), Lattimore et al. (2014), Sen
et al. (2015).

For other work in this area we refer to Katehakis and Derman (1986), Katehakis and Veinott Jr
(1987), Burnetas and Katehakis (1993), Burnetas and Katehakis (1996a), Lagoudakis and Parr
(2003), Bartlett and Tewari (2009), Tekin and Liu (2012), Jouini et al. (2009), Dayanik et al. (2013),
Filippi et al. (2010), Osband and Van Roy (2014). As well as Burnetas and Katehakis (2003), Audib-
ert et al. (2009), Auer and Ortner (2010), Gittins et al. (2011), Bubeck and Slivkins (2012), Cappé
et al. (2013), Kaufmann (2015), Li et al. (2014), Cowan and Katehakis (2015b), Cowan and Kate-
hakis (2015¢), and references therein. For dynamic programming extensions we refer to Burnetas
and Katehakis (1997), Butenko et al. (2003), Tewari and Bartlett (2008), Audibert et al. (2009),
Littman (2012), Feinberg et al. (2014) and references therein.

Model description - Preliminaries
The complete information problem, where f is known, and the expected average reward is to be
maximized, can be solved via the following linear program (LP-1).

k
SO = max) 0z
j=1
k
Z drj+y=c" (4)
j=1

k
ZI]’ =1
j=1
z; > 0,V5y>0.

The solution is a randomized sampling policy which at each period selects population j with probabil-
ity z;, for j = 1,..., k, where the randomization probabilities x; are an optimal solution to the above
linear program (LP), cf. Burnetas and Kanavetas (2012); Burnetas and Katehakis (1998). However,
such policy may not be feasible in our framework that requires C;(n)/n < ¢, Vn =1,2,..., be-
cause simple randomization may lead to sampling in such a way that C.(n)/n exceeds c?, for some
periods. However, in the complete information setting, under the assumption that the coefficients
¢/ are all rational, any optimal solution of LP-1 which is an extreme point is also rational, thus an
optimal randomized policy can be implemented as a periodic sampling policy within blocks of time
periods within which the order of sampling can be set so that the sampling cost constraint is never
violated, and the sampling frequencies remain equal to z;. We use generalizations of this idea in the
incomplete information framework in the sequel.
We next introduce necessary notation regarding the LP-1. First, its dual problem (DLP-1) is

z5p(0) = min g+ A
g+ A2 (6)

g+ A > un(6,)
geR,A>0.

i

i J
A basic matrix B is of the form ( ©c ), for some i < d < j or ( ¢ for some 7 < d.

1
1 1 1 0
They correspond to sampling from the pair (¢, j) or population i, respectively. We denote the Basic



Feasible Solution (BFS) corresponding to matrix B as b = {i,j} or b = {i}, respectively. Note that
in the case of degenerate BFS b, more than one matrices B correspond to the same b.
We use K to denote the set of BFS:

K={b:b={ij}, i<d<jorb={i}, i <d}.

Since the feasible region of Eq. (16) is bounded, K is finite.
For a basic matrix B, let vB = (A2, ¢g?) denote the dual vector corresponding to B, i.e., vB =
pp(@)B~!, where pup(0) = (1i(6;), 11;(8;)), or pp(8) = (1i(6;),0), depending on the form of B.
Regarding optimality, a BFS is optimal if and only if for at least one corresponding basic matrix
B the reduced costs (dual slacks) are all nonnegative:

¢5(0) = AP + g% — 11a(0,) >0, a=1,...,k.

A basic matrix B satisfying this condition is optimal. It is easy to show that the reduced cost
can be expressed as a linear combination of the unknown population means, i.e., 2 (8) = w2 u(9),
where w? is an appropriately defined vector that does not depend on 1(0). In the sequel we use the
notation s(#) to denote the set with optimal solutions of LP-1 for a vector u(6), i.e., s(8) = {b €
K : b corresponds to an optimal BFS}.

We define the loss or regret function of policy m as the finite horizon loss in expected reward

with respect to the optimal policy under complete information:

R.(0,n) = nz*(@)—EQV (n)
- Zug VEST(n) %)

We next derive an equivalent expression that relates the regret to the solution of the complete
information LP. Recall that for any basic matrix B which corresponds to an optimal solution of LP-
1, from the DLP-1 program we have that Vj: z*(6) = ¢®A” + g and ;(8;) = AP + g% — ¢2(0).
These relations and Eq. (5) imply:

B

k

=Y PO ETi(n) + A\ Y (" — ) EgTi(n), (6)

j=1 j=1

for any § € © and B € s(f).
We now state:
Definition 1. a) A feasible policy = is called consistent if

R (0,n) =o0(n), n — o0, VO €O.
b) A feasible policy 7 is called f~uniformly fast (f-UF) if
R(0,n) =o(n"), n— 00, Va>0,V0coO.

In the sequel we will show that there exist f-UF policies, following the approach of (Burnetas and
Katehakis 1996), by construction of a function M(0) and a f-UF policy 7 such that

liminf R0 (0,n)/logn < M(8) V0 € ©.

The assymptotic optimality of 7% then follows from Theorem 1. Detailed proofs are provided in the
appendix.



Lower Bound for the Regret
Recall that for b € K, b is an optimal solution of linear program LP-1 for some § € © if and only

if for at least one corresponding basic matrix B, ¢Z @) >0, a=1,... k.
For any b € s(f), where b = {4,5} or {i} and a # 4,3, we define the sets AO,(f#) and D(0),

as follows. The first set contains all values of ©, under which the complete information problem
under the perturbed 9 has a unique optimal BFS which includes population a. The second set D(8),
contains all populations which are not contained in any optimal solution under parameter set 6 but,

by varying only parameter 6, a uniquely optimal BFS that contains them can be found. Formally,
AOL(0) = {0, € On : 5(8) = {{i,a} or {a, j} or {a}}},

.,0;), is a new vector such that only parameter Q:X is changed from 0.

e

D) ={a: a ¢bfor any b € s(8) and AO,(0) # 0},

where Ql =(04,... .0,

Let I(6 0 ) denote the Kullback-Leibler information number, defined as

le R e%

oo flas8,)
(QQ,QQ) / log =22 f(x; 0, )dv(z).
—o0 f(il', Qa)

Now we can define the minimum deviation, in the sense of the Kullback-Leibler information
number, of parameter 6, from 6, in order to achieve that the population o becomes optimal under
Ql

o

Ko(9) = inf{I(4,.8,): 0, € A4}

We have:
Lemma 1 For any ¢, and any optimal matrix B under §, 3 p = p(f,«, B) such that for any

0, € AO,(9) :
() 67(€) = 6P(8) > 0.V j # o and 6Z(0)) = 65(8) + pa () — p1a(€) <.
(i) 12(0) < pa(0,) < p3(8) + p, where p > 0 and () = ¢B(80) + p1a(0,,)-

The above Lemma implies the following form for K, (@) which is necessary for the proof of
Lemmas and Theorems of the paper, K, () is equal to:

inf{I(0,,0,) : 0, € Ou, 1ih(0) < pa(l,) < 5 (0) + p},

where p = p(8, a, B) > 0.

Lemma 2 and Proposition 1 below are used to establish the following Lemma 3 from which
Theorem 1 for the regret function follows.

First note that in Eq. (6) both terms are nonnegative, the first because of optimality and the
second because of feasibility. Therefore it follows that a necessary and sufficient condition for a policy
7 to be f-UF is that for # € © and any optimal BFS b under § and for all B corresponds to b.

5o . EeTi(n) .
¢7(0) nl;ngo e = 0, foralla >0, j ¢ b, (7)
and also,
(=BT (n
APl 20 JEeTi(m) _ ®)
n—oo ne

We can now state:



Lemma 2 If there is a uniquely optimal BFS and B € s(8). Then

7 J -
(i)ifB:(cl Cl ),forsomei§d<j:>>\3>0,

(ii)ifB(cl é),forsomeigd;»ABo.

Proposition 1 For any f-UF policy 7 and for all § € © we have that for a« € D(6), any g/ € A(9)
and for all positive sequences: (,, = o(n) it is true that

Py [T (n) < Bn] = o(n® '), for all a > 0.

Lemma 3 If Py [T%(n) < f,] = o(n®~'), for all a > 0 and a positive sequence 3, = o(n) then

=0,

for all § € © and o € A(f).

We next define the function M (6) and prove the main theorem of this section. Let

= K;(0)
JED(9) =
Theorem 1 If 7 is an {-UF policy then
.. Bx(8n)
liminf —=—= > M (#), V6 € ©.

n—oo  logn =
Proof Recall,

k
Re(8,n) =Y &7 (O)EgTi(n) + AP [nc® — ByCr(n)),

j=1

and by Lemma 3, using the Markov inequality, we obtain that if 7 is f~UF, then

Eng.' ('I”L)

%

lim inf

€D .
n—oo  logm K;(9)’ Vi€ D), vEeo

Also, we have from Lemma 2 that A® > 0 and from Eq. (3), we have that nc® — E4C.(n) > 0,

for all n. Finally, we have that the optimal populations under § have qi)f (8) =0, thus
Re(8.n) ¢7 (@

9)

~ ip K;(9)

lim inf
n—oo  logn

, forall § € ©.

Blocks and Block Based Policies We consider a class of policies such that the sampling is

performed in groups of subsequent periods called sampling blocks, of finite length, where the total

cost of actions in each block satisfies the cost constraint of Eq. (3) as follows. Define the differences
st=ct — .

d% expresses the net effect of a single observation from a population i on the sampling budget. This

effect is a cost if §° > 0 or a benefit (net savings) if §* < 0.



The original problem is equivalent to the transformed problem where ¢! = 6%, i =1,...,k, & =0
and the sampling constraint is

1 n
— E 54 <0, Vn.
n

t=1

Since §° is assumed to be rational, for each s = 1,..., % and there is a finite number of them we
may assume, without loss of generality, that they are all integers.

Let J C {1,...,k} be the subset of populations sampled within a sampling block. The “cheap”
populations in J must be sampled often enough to finance sampling of the “expensive” ones. Math-
ematically it suffices to find {m;,j € J} such that each population j € J is sampled m; times,
and Zje] m;6? < 0, m; € N,V j € J. Any block with m; satisfying the previous properties is
called admissible. One possibility is to consider the smallest block, which will be appropriate in the
incomplete information case. Thus the minimum length of the sampling block, ¢(J), is the solution
of the following linear program

((J)=min{d m; : > m;e! <0&m; N, Ve T}

jed jeJ

An optimal solution of LP-1 specifies randomization probabilities that guarantee maximization
of the average reward subject to the cost constraint. The populations into this optimal solution
define the set J, and J, §° and ¢ are observable constants.

We use the Initial Sampling Block (ISB) and Linear Programming Block (LPB) blocks below to
define a class of policies 7 that are feasible, as follows.

a) A policy 7 starts with an ISB block during which all populations {1, ...,k} are sampled at
least a predetermined number of times ng, with a sufficient number of samples taken from cheap
(small ¢) populations, so that the constraint of Eq. (3) is satisfied sample path-wise. This block is
necessary in order to obtain initial estimates of y;(¢;) for all populations. This block that the ISB
block has the minimum length of ¢(.J), defined above, with J = {1,...,k}.

b) After a completion of an ISB block a 7 policy chooses any BFS (or equivalently a single
population {i} or a pair of {i,5}) and continues sampling for a block of time periods LPB=LPB(b)
as follows.

i) When b = {i}, (which means that ¢! < ¢°) & samples from population i only once. In this case
we define the LPB block to have length equal to: mf =1, and its sampling frequency z; to be equal
to 1, Tr; = 1.

il) When b = {i,j}, 7 samples a number of times each population in {4, j} in b so as the cost
feasibility of 7 is maintained during the block. The latter is accomplished by taking the length of
the LPB block to be equal to: m? + mé’. = [07] + |6?|, where m? = [67] and mé’. = |6%|, and sampling
the least cost population first in such a way that the frequencies are equal to the randomization
probabilities: _ '

T = ,|5]| — X = ,‘52| ,
RS N
Remark 1 Note that in the second case of an LPB, the randomization probabilities for {7, j}, and
the block length m? + m?, are computed without solving LP-1, using the known, cf. Eq. (9), d’s.

Note that a block based policy is a well defined adaptive policy. In the sequel we restrict our
attention to block based policies; for notational simplicity we will simply write 7 in place of 7, when
there is no risk for confusion. B

Assume that we have [ successive blocks we take T°(I) to be the number of LPB(b) type blocks
in first [ > 2 blocks (since for [ = 1 we start with an ISB block). Thus T(1) =1 —1. Let Sx(I)
be the total length of first [ blocks and let L,, = Lz(n) denote the number of blocks in n periods.




We can easily show that
D)= > moT(l) +ma,
b:a€ed

where m is the number of samples from population « between a LPB(b) and m,, is the number of
samples from population « in the ISB block. Now we can define the regret of blocks

Rr(8,1) = EySx(l %ZZM )ymb T(1)

j=1beK

k
=1

We note that
T2 (Sx(Ly)) < TR (n) < T (Sx(Ln)) + Ma, 9)

where M, is the maximum number of times where population « appears in every block. Thus we
obtain the following relation for the two types of regret,

ﬁﬂ (Qa Ly)+(n— EGS Z M; u]

R(0.n) < Ew(ﬁa Ln)+ (n— EQSW( n)) 2" (€) (10)

The above and Eq. (10) imply the following relation between the two regret functions,

R«®n) . Ra(,Ln)

limsup ———— = limsup ———
n—oo 10g n n—00 lOg L,

From Eq. (11), it follows that if we want to find a policy that achieves the lower bound for R, (@, n)

it suffices to find a policy that achieves the lower bound for R, (8, Ln).

Asymptotically Optimal Policies In this section we provide a general method to construct
asymptotically optimal policies 7° that achieve the lower bound for the regret. To state the policy
we need some definitions. We define at any block [ and for every population « as fiq
- ’ ~l / IOg Sﬂ- (l — 1)
=5 0 ): 10,0 )< —=>"T— 2
/“‘LOt b;}p{:ua(fa) (70(’7(1) — TT?(SW(Z_ 1)) }?

Za

and as <I>( )

(39) —{a :pn@ )<ua<ﬂa(9)+P(90‘B)}

We recall that if we have an optimal BFS b, where b = {i,j} or {i} then the optimal solution is

b b
2° = Wi%; + ;X Or 27 = ;.

INFLATED Z-POLICY =¥:

Start with one ISB block in order to have at least one estimate from each population. Then,

N

Step 1 Assume that at the beginning of block I, I > 1, we have the estimates ¢ , from the previous
N N

[ — 1 blocks with p1(6;), ..., ux(8). We take the solution of LP-1:

@ @) . @)
maX{z () >l -1)}
50"



where b; are all the BFS in K and 7 is any fixed constant in: (0,1/|K]).
o Al

~ N
Step 2 Then for every a = {1,...,k}, we compute the [i,’s and fbl(B* )’s.
3,0' Al Al 3,0"
Then, if (I)l(B £ _ 0, we take 7°(6 ) = b(@ )), otherwise for every o € <I>§B £) we define the index:

R , Al N / logSﬂ- lil
Ua(g an) = max{zba(g ) : I(QQ’QO‘) = T‘)‘<S((l—1)))}’

9, T

and we take .
Wo(él) = argmax {ua(él,ﬁ;), a€ <I>Z(B’g )}

Remark 2 a) In Step 1 of our policy we have to compute the values of the objective function for finite
number of basic feasible solutions. These computations are not complicated because the LP solution
only needs the mean values of the populations at this block and the randomization frequencies which
are as we know constants and depend only on which populations we have in the BFS. We recall that
if we have a BFS b, where b = {i, j} or {i} then the optimal solution is 2° = p;z; + pjz; or 2° = p,.
Thus, in order to compute the value of the objective function it is not required to solve the LPs but
only to compute and compare the corresponding 2°, using these explicit formulas.

The main result of this paper is that under the following conditions policy 7° is asymptotically
optimal.

To state condition C1 we need the definition of the index J, (6, ¢), of population « for any 8 € O,

€ > 0, an optimal matrix B under ¢, and a p(0,a, B), as in Lemma 1, we define: G):l(e) = {Q; :
pi(0) — € < pa(8,) < i (0) + p(8, o, B) — € and

Jo(8,€)= inf {I(0,.0,):2(6,) > z*(9) — €}
- 0.,€6/ () -
(C1) VO €O, id¢s(f) such that AO;(8) =0, if pj () —e < ,ui(Q;) < ui(0)+p(0,i,B)—¢, Ve>0,

for some Q; € 0, the following relation holds:
lim J;(0, €) = 0.
e—0 =
(C2) Vi,V 0,€0,;Ve>0,
Py (10, — 0,1 > €) = o(1/t), as t — oc.

(C3) Vb,es(0),Vi,V0,€0;,Ve>0,ast— 0

Pg(zb“@’ga) < z%(0) —¢,, for some j <t) =o0(1/t).

Next, we state and prove the main theorem of the paper.

Theorem 2. Under conditions (C1),(C2), and (C3), and policy 7%, defined above, the following
holds.
. Rro (Qa n)
limsup ———
n— 00 logn

< M(@), for all § € ©.

Proof
To establish the above inequality it is sufficient to show that for policy 7° the inequalities below
hold. .
EoT?,(n) 1

li = < . Vj € D), 12
s S K@ (9) (12)




EQTO( )

lim sup =0, Vj ¢ D(0), (13)
n—00 lo -
nc® — EgCro(n) = o(logn). (14)

The proof of these inequalities is given in the appendix.
(B,8)

)

From the definition of index J, (9 €), where a € @,

(@', €) = inf {10,
0’

“a

b(99a)>z()_6}

) a) °

we have that ua(Ql,Qa) > 2*(0) — e if and only if Ja@l,e) <log Sr(I —1)/T2(S:(l —1)).

Remark 3 According to Remark 4b in (Burnetas and Katehakis 1996) condition (C2) is equivalent
to C2’ below which is easier to verify.
(C2)Vi>0,ast— o0

ZPg b(@) € 5(0), Ji(8,€) < Ji(8,€) — 8) = o(log).

Normal Distributlons with known variances

Assume the observations X7 from population « are normally distributed with unknown means
EXJ = 0, and known variances 02, i.e., 0, = 0, jia(8,) = 0o, and O, = (=00, +00). Given history
hy, deﬁne (5011

S_o(l—1
Ha(éla) === = XJ
T% (Sro(l —1))

Now from the definition of O, it follows that ABO,(8) = (8, + ¢2(8),0. + ¢2(0) + p(8, a, B))
for any optimal matrix B under 8, therefore D(0) = {1,...,k}, V 8 € ©. Thus, we can see from the
structure of the sets ©, and AQ,, ( ) that the condition (Cl) is satisfied.

Also, we have:

’

I(@a,e;) _ (aaz_afa)
B 2
Ka0) = 2500

Therefore our indices are . -
2 pKa) — ba(B 0K
UQ(Q,GQ )*Z @ 6o )a

. 21og Spo (1 — 1) \ /2
05 = 0L 4 4 () ,
a TV T2 (Spo(l— 1))

where

N . " A
For example, if b, (6 ,05) = {«,j} then 2bal@00) - 0Fxo + 05z; and 2*(0) = Oaza + 0;;.

Therefore for b, (él, 9K«) € s(f) and from the structure of 202 @'.05%) the index is a sum of normal
distributions which is also normal or a normal distribution and from the tail of normal distribution
condition (C3) is satisfied.

According to Remark 3 the next sum of probabilities is equivalent to the condition (C2)

Ly
> P (b(@) € 5(0), (@) < Ji(0,€) — )
=3Py, (b(@) € 5(0), 16 — 03] > €),€ >0,

10



where the equality follows after some algebra because of the normal distribution and that we know
exactly the I's and consequently the properties of J’s

Ji(0',€) = inf{1(0L,6,) : 2@ 5 2*(g) — ¢} <
0’

i

Ji(8,€) = mt{1(6;,0,) : @) > 2%(0) — ¢} 5.

i

Also, we have that HA; is the average of iid random normal variables with mean 6; thus

BF (10t —6;|>¢) < P5 (10l — 6> ¢, for some I < t)

IN

t
3P (108 - 6] > €) = o(1/1),
=1

where the last equality follows from is a consequence of the tail inequality 1 — ®(z) < ®(z)/x for
the standard normal distribution. Thus, we can see that the condition (C2) holds.

Summary of Policy At the beginning we take an ISB block. Then at the beginning of block [ we
the take o

Al = Al ~b;

22@) — max{zb€) . T:l(g )(l) >7(l—1)}

b, (Ql )

and find our indices . -
A pKay _ ba(8' 0K
ua (8, 05) = 200",

where

. 2log Sro(l —1) 1/2
0K =0 + 00 | e 15
a” =fato <T;;;(sﬂo(z_1)) (15)
Finally, we choose to employ as block [ the argmax,{uq (Ql, 0%,

Remark 4 In the case in which o, are unknown, we expect that a (log - rate regret) {~UF policy
can be obtained by replacing o, in Eq. 15) by a constant times 64, as in Auer et al. (2002). This
work is not included due to space limitations.

11
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Appendix: Proofs

Lemma 1 For any ¢, and any optimal matrix B under 0, 3 p = p(f, «, B) such that for any
0, € A0, (0) :

(i) 67(8) = o¥ (0 ) 20,V j #aand ¢5(¢ ) = 68 (0) + 1alb) — 1ally,) <0,
(if) 15(0) < pa(0,) < 5 (0) + p, where p > 0 and yi5,(6) = 68 (0) + p1a(0,)-

Proof (i) It is obvious that ¢§3 (: )= qbf (8) >0, ¥ j # a because we only change the parameter
of population « and ¢§3 (Ql) = ¢f(g) =INP +gB —py(0,).

For a population @ € B(f) we have that a ¢ b, for any b € s(f). Therefore ¢5 () = c*A\P 4¢P
ta(8,) > 0, for any B corresponding to b.

Now, any optimal b € s(¢) is not optimal under § = (0,,...,0,,...,0;), for any 0, € AO,(0),
thus s(0 )*{b}whereb ¢ s(0).

Therefore, for any optimal matrix B under § we have that ¢% (gl) = AP + g8 — po (Q:l) <0
because B is not optimal under Q,.

Now from ¢5(8) = ¢*A\P + g — pa(6,) we have that ¢5 (6 ) = 5 (0) + pa(fy) — ua(ﬁl ) <O.

(ii) Consider first the case that b = {4,5} is an optimal solution under 0 with corresponding
optimal matrix B = B(f). and b’ = {i,a} is an optimal solution under 9 with corresponding
optimal matrix B’ = B(¢'). From i) we have that z*(@l) > z*(g) iff ua(e ) > pi(0).

Since b’ is uniquely optimal under 0 we have that <;SB (0 ) > 0, for any s # i, a. Now in order for
that condition to hold we use that QSB (@) > 0 for any s # 4,7 and we have that for s > i it suffices
that u,(0) < ua(ﬂ ), but for s < i we must have p,(0) < ua(ﬁl ) < 15 (8) + p, where p is a positive
constant. Thus, if i, (0) < ua(Qa) < pk(0) + p then B @ ") > 0 for any s.

The other cases where the population « is a population with cost lower than Cy and the optimal
solution under ¢ has this form 0’ = {«, j} or ¥’ = {a} follow the same arguments as in the previous
paragraph.

O
Lemma 2 If b is uniquely optimal BFS and B any optimal matrix under §. Then

e
(i) if B= < Cl cl ),forsomei§d<j:>)\3>0,
(ii) if B = ( Cl (1) ),forsomeigdé)\B:0

Proof (i) Let 6 : s(9) = {b}, b = (i,j) for i < d < j, then AP > 0 because if A = 0 we must
have more than one solutions in the primal, which cannot occur because b is uniquely optimal.
(ii) Let 0 : s(0) = {b}, b = (i) for i < d, then AP = 0 from the dual solution and ¢ () > 0 for all

J#i.
0

We recall for the next Proposition

k
20 = maxd (6,
j=1
k .
chl'j+y:CO (16)
j=1

k
ZSL‘J‘ =1
j=1

‘rj Z Ovvjv Yy Z 07
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and that a necessary and sufficient condition for a uniformly good policy 7 is that for § € © and
any optimal BFS b under ,

5o . EeTi(n) .
¢5(0) nh_)ngC e = 0, foralla >0, j ¢ b, (17)
and also,
. CO — Cj E@Tg n
AP lim 2l — JEgT3(n) =0, for all B corresponds to b. (18)
n— o0 n

Proposition 1 For any uniformly good policy 7 and for all § € © we have that for o € D(0),
any g, € A(f) and for all positive 5, = o(n) it is true that

Py [T2(n) < Bn] = o(n® 1), for all a > 0.

Proof Let a € D(f), 6., € AB, (), because of AB,(f)’s definition we must have a b which

is uniquely optimal under Q/ (s(8) = {b'}) and a € b'. Then we have two cases for the uniquely

optimal solution b

, QU
For the first case where b = {«a} if b is nondegenerate then the basic matrix B = < Cl (1) )

and from Lemma 2 for a uniformly good policy AZ = 0 thus,

Ey TJ(n) = o(n®), for all a > 0, for all j ¢ b .

! ! a ‘7
If b is degenerate then it must be true that ¢® = ¥ if we consider any matrix B = ( 01 cl )

then Ap > 0 thus (¢ — cj)EQ/ T (n) + (° — ¢*)Ey T3 (n) = o(n®) and since & = ¢* we have that
Ey Ti(n) = o(n®) also from Eq. (17) Ey Ti(n) = o(n®), for all i # j,« thus Ey Ti(n) = o(n%), for

all j # a.
Therefore,
n— Ey T (n) = o(n®), for all a > 0. (19)
It is also true that
ByTg(n) = > kPy[T2(n) =k
(4 £ 2
[Bn ] n
= kPy[T2(n)=kl+ Y  kPy[T2(n) =k
k=1 k=[fnl+1
< ﬁnpg’ [T7(n) < Ba] + nPg/ [T7(n) > fn]
= n— (0 B)Py[TI() < ).
Therefore
n— ng T (n) > (n— Bn)Pg [T¢(n) < Bl (20)

From Eq. (19) and Eq. (20) we obtain
(n— ﬂn)Pgl [T (n) < Bn] = o(n®), for all a > 0,

thus
Py[T2(n) < Ba] = o(n®~'), for all a > 0.
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In the case that ¢® > ¢® and b = {jo,a} (we do not study the case where ¢* < ® because we
prove a general result which includes this case via population jo which has ¢?° < V) we have from
Lemma 2 that for a uniformly good policy A? > 0, thus

EyTi(n) = o(n®), ¥ a >0, Vidb ={jo,a} (21)
and
(¥ — ch)EQz T (n) + (° — *)Ey T (n) = o(n®), ¥V a> 0. (22)
If we sum Eq. (21) for all j # «, jo it follows that

n— Eg T (n) — Eg/ TX(n) = e,, where e, = o(n®), Va > 0. (23)
Dividing Eq. (22) with ¢® — ¢/ and using Eq. (23), we obtain after some algebra the following two
equalities

’

TZJ?]O

- Egr Tio(n) = o(n%), (24)
nx, — EgTﬁ‘(n) =o(n*), Va>0.

O —cdo
c*—clo

o= T
jo = m—oio and z, =

of linear program Eq. (16) under Ql.
For any n let

are the probabilities which correspond to optimal solution b

where

Thus, it is obvious that

Furthermore, from Eq. (23)

Now, we know that
ne® = Cr(n) = FJ + (= ¢)TE(n) + (© = )T (),
and from nc® — Cr(n) > 0, V n, we have that

(c® = )T (n) < F7 + (c” = )T (n),

T

therefore
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- FET 0 — ¢do

and we recall FT < T7(c? — ¢!), thus

where p(jo, ) =
Finally,

e < B C i)
- Fr o
Fren) < i)
(1= 2 )To(m) < —Lo 44 Tio(p)
o)t = o _ o atmw
To(n) € i 4l (T2(n) + TE(n))
T = o _ o a\trm T
T¢(n) < Fy — 42 (n—TT)
bis = o _ o a n
T(n) < nax, + n_ g TT
c® — cJo
(.0 1
T(n) < nz,+ % —z, Iy

T(n) < na, +TI7p(jo, )

cJo ¢l > 0.

c*—cio =

na, —TE(n) + T p(jo, a) > 0.

Thus, from Markov inequality, for any positive 8, = o(n)

Therefore

Py

A
Substituting T.*(n)

then

where

and

P, (mc; —T%(n) 4+ I'Tp(jo, ) > na::l — Bn)

B, (nz,~T2 (n)+T7 p(jo.a)

= na, —Bn

o) — o(n®1), V a > 0.

=n —TT —TJo(n) into Eq. (26) we have

T7_ZO (n) — nm;o + (1 + p(]Ova))F:’L 2 0’

ch:x’U

/(T2 (n) < Ba) = Py (Z5 < Bn — naj, + (1+ pljo, )TF),

Z7 =T (n) = na;, + (1+ p(jo, )T >0,

EyZ} =o(n"), V.a> 0 from Eq.(24) and Eq. (25).

18
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Let,

VT ={ZF < B, — nx;-o + (1 + p(jo, @)L}, then

Pe'(Vﬂ)

n

HCEU HCEU

(Vi N {TT < nd}) + Py (Vi 0 {TE > nd})
(VF N {TT < né}) + Py (IT > nd) (27)

<

’

where 0 < 6 < and using Eq. (25) we have that

Tio
1+p(jo, )

P&’ (FZ; > TL(S) < =

Let

)

Gy = {V,; n{l'} <né}}
= {ZF<B,— nx;»o + (1 + p(jo,@))T7 and T < nd}
{27 < Bu+[(1+ pljo, @))8 — zjIn},

N

where

’ ! x/‘
p— ] . J -
p=z; — (1+p(jo,))d >z;, — (1 + ”(Jo’a))m -

Now for any positive 3, = o(n),

dng: Bn—ne <0, Vn>ng

and we have that

Py (GR) =0,V n > no(yp),

thus from Eq. (27),Eq. (28)

n

Py (V7)) <o(n"), Va>0.

Finally,

Py (T (n) < B,) = o(n""), ¥ a >0, for any positive 3, = o(n).

So far we have shown that a necessary condition for a uniformly good policy is that ¥V § € ©, and
V a € D(f) it must be true that the number of samples from populations jo and « are at least 3,
correspondingly, because Py (T4 (n) < 8,) = o(n®~1), Py (T¢(n) < B,) = o(n®~!) for any positive
sequence of constants 3, zio(n). N
O
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Lemma 3 If Py [T (n) < Ba] = o(n®1), for all a > 0 and positive 3, = o(n) then

logn ,
n—oo = W(n) < K(X(g)}_ov
for all § € © and a € A(0).

Proof If we take 3,

logn

=5 @then Pg/ [T2(n) < Il(oag(g)] = 0(n%"1) and using a change of measure
from Ql to § and following the arguments in Burnetas and Katehakis (1996b); Lai and Robbins
(1985) we have that
. o logn .
Jim. Py[T7 (n) < Ka@)] =0.
O
We recall for Theorem 2 that
11 B 1 anje D 29
oy 0 < .
msup e S K@ el € D(9), (29)
EgTi(n)
2. limsup —= =0, for all j ¢ D(6), (30)
n—o00 lo -
3. ncd® — EgCr(n) = o(logn). (31)
From the definition of T(n) we can see that
T3 (Sx(Ln)) < T3 (n) < T (Sx(Ln)) + Ma, (32)
where M, is the maximum number of times where population o appears in every block
We derived T?(L,,) as below
— Ln t L’Vl t
To(Ln) = > Url =bb(0)¢s@)}+ > 1{r =bb(0) € s(0)}
t=2 t=2
Ly
<

SOH@) ¢ @) + 317 = b,0(0) € 5(0)}

Finally, a policy 7 is called feasible if

(33)
Cx(n) _ 0. Vn=1,2,.... (34)
n
Theorem 2 Let policy 7°, under conditions (C1),(C2), and (C3) then

. Rro (Q7 n)
limsup ————

< M(9), for all 8 € ©.
n—oo  logmn =

the feasibility of 7° and block policies.
O

Proof We need to prove Eq. (29), Eq. (30) and Eq. (31). From the Eq. (32), Eq. (33) and Lemmas
4 and 5 we have proved the relations Eq. (29) and Eq. (30). Equation Eq. (31) follows from Eq. (34)

Lemma 4 Let policy 7%, under conditions (C1),(C2)

<
n—o0 logL, —

. EQTTZ;O 2 (Ln)
lim sup :

1
, foralli € D(#),i € b,b ¢ s(f) and
e ©.i€bb¢ s(0)
. EgT? ,(Ly)
lim sup ———

= fi 1i¢ D ; .
n—o00 log L, 0, for all z ¢ (g),l €bbe 5(6)
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Proof We can divide the sum fﬁo,Q(Ln) as follows

Ln

T o(L) = > Ul = b.b(0) € 5(8), ui(8.0)) = ua- (0)}

t=2

—Zl{m—bbg 5(0),us(0',0)) = ua-(8), us(8',6)) > 2*(8) — ¢}

+Zl{7ft =b,b(0') € 5(0), w8, 6;) = wa- (8, ui(@,6)) < 2(8) — ).

From the relation between the two indices u; and J; we have that

L. t At At At
Zl{w? =0,00) € 5(0),ui(8 . 6;) = ua- (@), ui(@ . 8;) > z"(8) — ¢}
< Zl{m =000 € 5@l 6) = o 0. 50 ) < Ty
=S = 00 € (000 £) = 1o @),
A; log Syro(t —1) At
Ji(0 ,€) < W7Ji(g ,€) > Ji(f,€) =0}
Ly
+3°1xd = 0,b(8) € 5(9), wil@',0;) = ua- (@),
At log Sro(t—1) At
Ji(0 ) < m,Ji(g s€) < Ji(0,¢) — 6}
Ln At At At . log L
<3 tnf = 00l € 5@l 6) = o @) TS0 = 1) < 77555

+Zl{m —b,b(0") € 5(8), wi(8,6;) = ua- (), (', ) < Ji(B,€) — 5}
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Now, the first sum of the last inequality for ¢ = Jj?eg GL)"_ 5 and s integer is equal to

L’V‘L
1{rd = b,6(0) € 5(0),ui (8, 0)) = vt (0), Tio(Spo(t — 1)) < c}
t=2
Ly
< ) =b,T(Sqo(t — 1)) < c}
t=2
Ln Le/m?)

= > Y Ha=bTh(Sp(t—1)) = sm! +m;}
t=2 =0

le/m?] L, ‘
= ) Hm =b,Tho(Sp(t —1)) = sm! +m,}
s=0 t=2
< le/mb]+1
c log L,
< —+1l=—F——"—+1.
S w6
Thus,
I, 0 At At St log L,
By Y- 1l = () € s(0), (@) = wor (8). Tio(Sualt ~ 1)) < 5E5")
t=2 1\
log L.,
—_—— 4+ 1. 35
=Wl ) (35)
Furthermore,
Ln N At At At
Z 1{7T? = bJ’(Q ) € S(Q),UZ(Q 7Qz) = U~ (Q )7 Jl(g 76) < JZ(Q 6) - 5}
t=2

Ly,
< S 1b(@) € (8), (@', ) < Ti(8,¢) — 5}
t=2

Then from (C2) and Remark 3 we have that

Ly
By > Ul =b.b@) € 5(8).ui(@'.8)) = uar (@) Ji(8' . €) < Ji(8.) — 6}
t=2
< oflog L,). (36)

~t ’ ~t ~t /
Now we have that u;(0 ,0;) = ua~(8 ) > us(@ ,0,) for any population s which is contained in
At

an optimal BFS of §. Now let b(¢ ) = (r,s) and obviously b = (i, s),thus we can show the following
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inequalities

L,
At

S 1a? = 0,00 € 5(0). w0, 0) = ua- (@), ui(@',0)) < 2*(0) — ¢}
t=2

Ln t o
<3 (@' .0) <27 (0) — ¢}

’

L, )
< Z l{us@J,Qs) < 2%(0) — ¢, for some j < Sro(t —1)}
t=2

Ln -
= Z 1{|Qi — 0, > ¢, for some j < Spo(t —1)}.

t=2
Thus
L. t t t
EQZ 1{7‘-? =10, b(Q ) € S(Q)vul(a ’Qz) = Uq~ (Q )7ul(9 ’Qz) < Z*(Q) - 6}
t=2
< o(log L,,), (37)
because
Pérg(éi -0, > &, for some j < t)

t )
<> P8 -0, > €) = o(1/t),
j=1

since policy 7 at any block ¢ chooses b(ét) = (r,s) when T:ég )(t) >7(t—1).

Finally, it follows from Eq. (35), Eq. (36) and Eq. (37) that

~ log L
EgT%(L,) < ——2"" 41 log L,, log L,).
Tt (L) € i 4 1t oflog L) + oflog L)
Now from the definition of .J;(¢, €) and (C1) we have that

lir% Ji(0,¢) = K;(0), for i € D(8) and HH(IJ Ji(8,€) = oo, for i ¢ D(0).
€~ - e— = =

Thus
I By o (L) <L forallie D(@),icbb¢s@) and
17r1n_>sol<1)p log L, _Ki(g), or all 1 € v),1 €0, s(0) an
msup ZE0aEn) g D@ € b a(8
lrflfljol(ljp 10‘571171 =0, for alli ¢ D(9),i € b, s(9)-

For the next Lemma, let 0 < & < {2*(f) — maxyg4(p) zb@}/Q and ¢ a positive integer, then we
define for r =0,1,2, ... N

— .
Ar = ﬂ { max |228) _ 5@ < ¢} and
_ Ter—1<]—1<cr 1t
1<G<IK]|
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ﬂ {zba@i’ga) > %) —e, forall 1<i<7(l—1)and ' <1-1<
baes(g)

where 0 < 7 < 1/|K]| is the same as in the 7°.

Lemma 5 Under conditionb (C2),(C3)
(i) Py (A,) = o(c™"), Pf' (By) = o(c™").
Moreover, if ¢ > 1/(1 — |K|7) and r > 7o then
(it) on A, N By, b(0) s(@) for all <l —1< et

(iii) BT \(Ln) = $12 PF (0(@) ¢ 5(0)) = olog Ly).
Proof (i) We have that from (C2)

° b (@) _ b (©® —
Py (ch-flgzl%)fgcrﬂ |27\ [ >¢e)=o0(c"), 1<j<|K]
N b
holds for the sample mean of the estimates § = 2—572 thus it follows that PQ (AT) =o(c™").
Now let ¢ be the smallest positive integer such that |¢"~!/79| > . For t = 0,...,q and

Iy = |c"71/7t] we define the sets

Qt = ﬂ {Zba(giﬁa) > Z*(g) —, for all 1 < i < lt} '
baes(g)

Then by (C3),
7 (@) = o(1/l;) = o(c™") for t = 0,. (38)

Now given that "1 <1 —1 < ™ and 1 <i < 7(1 — 1), there exists t € {0, ...,q} such that
liy1 > 1—12>1; >4 and therefore for every fix b, we have that

Al ! Alt ’
2@ 8s) > H0a(@700) > 2*(0) —e.

for every b, € s(f) on the event (., Q. Thus, because of B, D (\y<,<, @+ and Eq. (38) we have
that P§" (B,) = o(c™").

(ii)iLet Vs’ze)( ) = ZbEs(Q b(1) be the number of times that 7° samples from s(g) up to I
sampling block.

We note that

70, (1 Vg O
brélsa()é) ()_ #S(g)

N
Consider that at any block ! and c’" L<1—1< ¢ we have that ug- (9 ) € s(6), and uq~(0 )

(39)

orresponds to an optimal BFS b, (9 ). Then if b(@ ) € (@) we have the requested. Now, let assume

that b(g ) ¢ s(6), and we have that b, (g ) € s(#) which means that on A, N B, the policy 7° chooses
from s(@).

Al
Then since T:[()g )(l) >7(l-1),

@) < max 2*®@ 4 < 2 (8) — € on A,.
bés(@)
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Al
In the case where T:OM € )(l) > 7(I — 1), we have on the event A,

~l
2"(0) —e < Zhar (@)

~bo (8"

In the other case where T = (1) < 7(I — 1), we have on the event B,

z°(0) —e < zb"‘*@l).
On the event A, N B,, since 7° employs from 5(0) at block I and 1<l —1< ¢ and since
¢>1/(1 - |K|r) it follows that

w0 #S(Q) r—1
() = W(l —1—c"" —2|K|) > (#s(@)r( - 1) (40)
forall ' <l —1<¢tand r > 1.
From Eq. (39) and Eq. (40), we obtain on A, N B,

T () > 7(1 — 1 41
brggg) (D) >7(l—1) (41)

forall ' <l —1<tHifr > rg.
We note that for r > rg and ¢"~! <1 —1 < ¢!, on the event A, N B,,

max{z": T2 (1) > (1 — 1) and b ¢ s(@)}
< max 2’ +e<2*(0) — ¢

bs(0) =
<min{z": T% (1) > 7(1— 1) and b € 5(8)}

N
the last set is nonempty because of Eq. (41). Hence b(f ) € s(g) for all "' <1 —1 < "' on the
event A, N B, if r > rg.
(iii) Let ¢ > 1/(1—|K|7). Then it follows from (i) and (ii) that for r > g and "1 <t—1 < "1

By (0(@) ¢ 5(0) < P§’(A,) + P§(By) = o(c™")

and therefore

Hence,

L, .

S P @) ¢ 5(0) = olog L).
O
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