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C.onsi<lcr i.l. rorltinu~usly t)p<:.ralin~ sy:ot.e:m. A p.robtern that n.rist'.S in pi·actke 
iffitJ is. rda.t!:d t.o ~h~. opti:mal o}."~erat.ion ot th~ syst~:m is how to. <tU~.al(! 
Limit~xl mpair resource$ in ·~ most effici~;mt Jl'Usnner, i.e., w m.i.<.:lmize a 
m~~ure· ~f syst-em J>.erforrn:mce, tn t.his article· our inler..--st ~ in ipentifyirtg 
c\{1.~~ .of rt>llability il~'it.e1tis. (ifr:rad.ui't's) e>uch thai 6p~im~l dynamic n~l:sru.r 
al\oca,t\~n r9l'i¢.i.es -depend. M the strur.~ure on·ly. A gMeral strudart~ uf. a 
s)'st~m j*' t.hat of a E;-r1nt-o.j:N s;yst~ri'l. where compon~nt i is lt~df a<iSmn~l 
t.~) be a. 1\:, .. x,~t-~>.f~Ni~ ~y.~te~11 . AlJ su!>sf$t.r:sl':-~ h~ l't> Wt'.nti~~al (.f>tilpdatmts 1h!'l 
lifetim~~s 9f which are a<;..-:;umed to be i.ntle~nd~~. exp,11\entii>lly distribut.ed. 
random variables. Th!:l 'Sy.sl:cin is ma.inta~ned. by a "Single repaitm<>R a:ncl. th~ 
t,lra~ ll takes lo ,repair a. fa~ioo ccJJUTXmcnt is ·.tlso an exp<n.le>lt.i&ly 
distributed ran'dmn vari.'iblt~. H.epai.red comrronents are as guod as new and 
p~nw~im:ts at~ allowe~l, Using ~~·t~raJ 'Optimality nii.eria, w;_• charad~i~e 
<l-H S.tiiotion.r~ry optitiH\i polide:'l for ·the followll:tg ~t..-uct.urc:s: thr: K-tn1!-of-N 
systern wi1.h ~-<"l!it-.o-J-Ni !J\lh:;ys~,ems, th.e K-out-<>f-N system wilh N'-o'Ut-<-f· 
N' S\tbt;~~tems, tht N•"ut.-o{N s~<stern with K'-Q·?<t·orN~ subsyst~;ms, <md 
t.be l·!>~(t-,()FN sxstel~( ~·iih K.'·</td-nFN1 Sl~}.>-~y/i[cw,.,:. We dl~·H~USS th~: 
impiicat,ions of the reE\~l:ts obtained ;.o problems of f.ontrol of ;m~val;; in 

·<lt~cu•:s. 
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t . INTR.OHUQ110l~.e 

ConsidN a $)'.$~Nil CQI~~($t.ing of N ·.SUhll~":'it.ems :whkh f:um:tiuns wh~~n <•{ b!M. K out. or 
il..s ~ <:t-.!Xlp<>Jl<~!it·~>lll""y~·a.em~ :<t-r~ oJ:>t'l:;id<>tHll. Subs:)>:>l·l!m t <.'.()Usis.t~ of .Ni eon·•JXrnetJts 

and l~mctiQ~ts when .a.t k:i$St .lq of th~-ll~ :9petat.~ •. This struct,ur.~ wlll .t~ denoloo b~· 

f:K ION.; (~r i N-D1~,1 ... . ,Nl . Cfm1pon~nt.,. ~.~r Utt: S:l.lti::>y:<t.~l'n.s rriay fail. Their lil£hm•~s O!J:(~ 

~:<p.on~ntia!l'y d·is.t:tibuted, indi!penoent r.ar;dorn vm·lalll.~.Th!: ra.t.fl nH~ilure is ~ommo.o 

((lr all l:f>mJ)oneuts of aU sub!:>ygtems -~ud l.s .derit)ti~d by p. 'F~ilurt;:~. may f>f:(:Hr ev~u 

· wht:l~ i.ne sys-t~.m i!i t~ot .it1uc.t:k1uing. Tlre. J;.y!i(:eln is main,ta.inP..d by r~ 5!ngll: t.t"pairma:u 

wh~'>' nlAY he a~ignt'd' tc• any fail~d eo·mp>:.llle:nt (ft<>::n ·now Olt <:.ompmlt~nl. will alw<iy~; 

niea-u. "CQTl;I}'IOHtmt or a ~>Ul~.ystein"). Th~ repairman may &Wil.th from ()IS<? failed 

~<llltf~'n;e-nt to-<U.l.oth~r ln!>Lffilt-~:~.noouslr. and the time:it .takes him t.o. wmpl~~t.e t.h.~ ~t~pair 

of *nY f<tikd r:wnJc~.mes;t is -~~u:ni>ider~t1 to. be a.n e;<:ponenti:i'Uy distribnt~~d r;uidom 

variahl~ \vil li par<ln:t<lter ;\. n.~paired comp()nents ar.~ >1:-~ good a-; Mw.. I::xtn~me c.Mt~. of 

~nr..h. .M.nsc.t:utf!~ M~~ (n) I} ~r:-ftf!:! ~~ruc.t~m} ut ~ubsy~l:et~~\\>, where e<Kh subsysl~~m. :s,; a. 

p~p~Ud ~ .. ;;t~~~rs ~~fd {h) ·a: J)~~~lf!-1 str~d:ur<~ fif ,sllbsyst~m-~-, wher-e· e:ar,h su~ystcm is :s 

*<t1flt'>:S syl>t.em. For. fii r it. 'i.s intni&l~dy t\.'<JH~,tt~tl I. hUt· a. gQOd reJ~<tir <illoc.~t.ioo policy 

~h<m!-d alw~s a~:Sign ;!:he n~p;~:intli.\!1 ;to illll>': ~uhsys~~~m. . .am.ong il1<..1~r with l.h~ sm~licr 

nmnb~~ of tundi·~nillg <<:ompo~t~n-t.s. L~·h ~~ . w.HJ :t1md to -eq•ali~(: I. be nu:m ber o-f 

fun~~tii.li\iilg .cim.\J)O.l'I\~Ht& ru::r.(ls,s sub!ly;;t,en'l:o; wh~te .1f ~>~1111~ ~tihS.}·~t~•t,iS haH~ an -~'1-}Ual 

m:m~bt!r <It :fu:nct:ioning .:om~or.-.nts (b.~ polky bm;~}>s ~\,:~· arl:).1hari!J. \V(; ~~11 it 

eqa~l#i.~ poli~y. F't•r. {b) <S gu~l pPl~c:y s:h•'3UI!-l te:nd i.o n:.~ximh:~~- th~ mun.b,:r of scties 

SUPsy~St~ms thM ar~ l:un!>tionistg, w'het.e· t.ie!S a-te also bwken Mbitu~rily. Thi~ rso.lk.y. 

:wbkh ~s dlSadr t-he (~!}po;;ltic tt.l Httt «'itl.ali?<iiig JX$Iky, t~nds to - maximi>~t~. t.h.~ nurnbt~r csf 

f~w~Jit)niug co.rnpQneni:!s of t~}Je !i-ll b~ystem t.h<~l:- is , "':rno-:re~ OMNl;tion~. W ~ a.l) it 

'a~e1vaii.,."'*nt! pqlu;y, ti. hW1s out .. t-h.at Lhc in~qualiiing polity is optim<il without. any 

addi.t:i:<llnw. r(:&:..(ti~:·i:it)lls ~.m:ly · »~li~tt t:!te su~yt>tem~> are, id~r1,tka.L Hem.~ w:.e see lh<1t it .!s 

impqrt<tni t9 ~, abl~ t!) lde~1t:ify· pr(!d5.el} t~~- l~t!)l)t ge:.neral s-truct;ureg f'9r "-''hie!} optimAl 

_p!)Ud~ do poSt;~s t.h.~(~ tP.pe ofy.r~;p_etti~, 'this i~ do1i!! (or th~ pq N; (1 j N'ih"':t,, .. ,Nl 

~:r.st.~m {ca-,«e f LA)L ·t;h~ fl'\\f ~J {f<,..! ~tJi=~, .. ~NJ s~nst:em {~~"le (l,ll~L the 

P i ~ ; ( l(l j N' l~=t ·~ ... Nl ~-y~~el"fl ( ~~'<e :(2'.A)) a:nd the [ K l N ; { W I ~' k=-l ,.. . .. NJ. , 
~y~t.~H) (~:~f: (ZJ~).) • . N(Ih~ t.hat h1 <:a~~'$ (LA) aJ.id: (L:B} , subsystems nt<e noL. >1:--s&tm1~d 

!t): he ld,~t1tk.W; bu.t l.lv~ ue<.'~~~$.lt}: .a t.I.H)tmt •. of fiJ.l1(.f.i~'i~Jin~.:-c<m1r~ment.s t"ftr ~ sul~y~~em 

t~ !~metio-n is >1:-'>.'i,!ln:l!!d tO: hr: the Si!:."'1e for alt suh:;~•stes~):<, For ~M~'$ .(~.A) , {2.13) • 
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, .subsy~t.f!"mS at~ ~;;,~\uned t.o he 1denticaL Wt> t'$lablish the <)ptimality of a pcl't.iner:'t. 

polky for eac.h d3$ uHdet Yariou.s criteria. and !!how they are unique optim~l among 

· all polid~$. Spctifitally we ~how thl! fol!o\~.inf{. 

For the [ K! N; {lj Nj)i=l.. . . ,NJ Byslem, the equalizing policy pos..:;..~~es tJl.~ fullowing 

optimality pro~rtio!S. H maximi.z~s <r.tqc~aiJ.ticttlly thte mm~fier of wvrking .~ubsy.~ tem-s (1.1 

a1ly timt: iustant t. Hence, .it maximizes both lhe t:xp~cttd ducou·n:ttd sy$trm 

qperah<w time Jc>r ISll di.~ctdH'It 1'121ts /3 (P > 0) and the . . ap(-ragc Rif.'iterrt openrtwu litnf. 

For thl!' IN i N ~ {K' I Ni)l=l .... :Nl systenlt cou.sid.~t th~ gen~rali~ati<'m of t-he equali~ing 

policy dd:itH .. >d as ft1!1ows. Whc~never tn~ !>y!>tt'!m is d'Own.it ~\gus th<!' repairman ~o j.\.II.Y, 

non·ftmdiMing su~yt:t~:m and whl"n the sy~>l•~m is UJ> il· (I;Uow!i tht~ equ~li7iing policy. 

We {':all t.his po!icy !:('- equt~.lizing . polk:r A}ld ~thow tlu~i. It: maximizes tile p1'()brs~ility 

tht ~fl!ottm i:f up at any iimt. iru tant I (i.•~-, t..he Tlt.liGbil!'l·y of the ~y:'item}. Il follt)W~ 

tl1-'t· it .aloo m~miz~ hotJ\ th.e !':.tJ.lCct.t;/ (lisc(}unted .syst~m Qp~r~~ t ion time: f ew tlll 

di~t:Olinl r4tts .8 (lJ > 0) and the al>~ruge $Jf.~tcm optt•ul'it;n tim<:. 

For t~~ [ l ! N; (K' l N'' )1~l , . . . ,N'J syst~m t.he itleq:u;;;lizius polky fl\-s;;s~'S,~$ the f~lllowi!l.!~ 

(J_iltimallty properti~. It m.a:<imi:tt':!:i the prll!.alniaty the sysiem 1.1 rsp at -any timt ius·tanl 

t, hence, it also ro.aximi;.,~ buth tht.\ ~:r.p«.cte(l di.s.-:.vunt.f4 sy.~tr-m opt~rativ.n . bmc :fur illl 

di.i count rates f] ({J > 0) and the rwnllgt s~'..item opa'IJ.Ii l)n tmlf .. 

l"ot tht- { K i :N: (N' l W);.,..L .. ,Nl ~ytiteril, co.rtsicler. thf: ~t~r.teralizat.io~J of the 

iiH."(lu.ali~ing policy ~efint:{i M follo·w$. i) Wh~ne·•~r the f';t~tem \$. down and tht.-re ate 

It~ t,han K su~Ji!·'l~tns w.ith fundi•.)·ning c~")mpoMnts it. ~lgn~ th~ t~pairman to a111 

non fu~Jctit.lning sub"}'mem ·(lmti! tim llystem rt1a.dJe5 a st4t.e in whic.h th~.re l\te exactly 

K ~mbsystt-ms with functioning &onw~:mlm.'t!i) •.. ii) ' Whewm't th~ $.')'$tem k$ dQ-~n ~n.d. 

t-here are ex;«·i.ly K sub;;ys~emt< with fu.nc~loning WlllfM'Jslt~t~u it Msigns th~ n~painri;S.n 

to ;tny nou fur1dicming :sul:>syst~l\ \\:ith. functi.onhig c.Otn).~llt\n~S. iii) O~h~;wi»~, _it 

follows the in1:q~a.li2ing poli.cy. 'We ('all t.hi:< policy K-iiH'Ifudlizitt9 p<)licy and show (b:lt 

it ma.~imil!t<S tbe pn)baHiity tl1!lt ihc. 8ll.bsyst~m is up al IJll!f time i.ns.tant t:. Ur:ne.e.:,. it 

also maxhni~\'S both the t:.Xpfrterl diM~mt».ted sgs:lem op(:ratiMI time (or all di~r.ount. 

tat.el! f3 {f3 > 0) ,,_nq th~ .avtr/Jge ~ystcm o.p·ero{ion lm1r. 

f urthermore, it if> shown that· :wh~to an <t.'i$'ignmeJlL dmk1: is made between twn 

suh!i;~-•~;t.tms wi.th equal number of working qmlJ.l:(.lJH:U~<t, it is. imll:lateda.l \.<1 wh.'id1 
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su~J-sysLem tfu: repairman ii; a...«Signcd for all d&.."'e.S. 1J f1 f.~) tb is lndlffel'cu<:f!, t.h.~ 

fli!tt.l.n~nt polkl(:S in th~ ahf)'l'e das~. of probbuf;, are 'Show11 t<) b~ un.it[llely opt.imal, 

:.e., <my policy that dciCS not. }w.v.~ th~ pertint~nl ~rudure is &t.rktly sui.x>ptlm.a! for the 

\~O:m:spmtdil~g d;~cs. 

The above repait. n.l!ocation modds ~s tht~ f9.lh>wing ("'dull:!") in.terprc.tatlon iu 

l.t~rm$ of qu.euirl'g theory and scheduling. (',oniiider a. queuing syslem with N Sfltvcrk; 

(t:c:rvi.t.':(' st..atil;)n~)- ~,rv~r i :may W().tl<. o:n up f..o N; cll.lltomers .. sirnulta..t!'~'"usly, Ni S cc:'; 

wt: call N£· the co.pat:ity of e;erver i . Cu1>lomers, whOf>t! ~n-ice tim~ ~r~ independent 

itle:n!.kally d.i$tribuh~~ expt.mctltial J'•'l-ndorn · variabh~s wiLh pMa.m.~t.er ~~.. arri'Ve 

a£r.ording to a Poisson proccSB with -p.va.tuet.t'r >.. Aniving eustmn~ffl that. find a!t 

s~rvets bwsy· ru:e {(.):lit. Upon arrival cush">tMrs ar~ a.ssign.~d to ·~ ~;cr\'er {if thlirc h~ one 

with idle: capacity) ..nd tht'.y may not c.ha.uge server (nN~.afll:lr. The {lt\)blem is t<l 

3s~Slgn th~ arrh·iug. cust.o.n·l•~ts to servers l\f..t.Mdillg t<> •~ polic.y that. is optima:! wi.th 

r<,"Sf1!!d. to ur~<!-h~ ~rfnr.ni~ne~ critl!ria. In ~his c.untex.t, t~ualiz'mg 1neans to Msi~n: t.h.e 

c.urrent arrivar t(~ the· server with m<iltitm.nn i<f!e capac.i't.y il'l'~iiable curn:ntly, 

in~qulllizing mca,ul! t.o aHs~gn f.h(~ \~Urwtlt arrh~af to.. th~ serv.~t with mitlimum i<.lle 

qt.padty A>.;ailn.blt~ ~:tmcntly, system Joum mll.'\D'S th,')t tlst'rt i6 q,t letut -one urt:er wi1il 

lc~.-; than K'' C'UM.i>.,n:d·~ b.d11.g MNJt.d: {c:JJ.~ (l.b)) ~r lh~t #ur( tHY. lMs. ·tn.Q1~· '!{ servern 

\H)rkirlg ai full eap;u:it).' (<-~ {2~h). \.Ve cst-abli!ih tke following results. (La) The 

(~jut~,)i~il\.~ policy 1nini~f4i.~,t~ s1~chastic'4.ily thr numbfr o.f i.4le £~<rtttmt at ~~'~!l time 

in.dant t. {Lb) Th~ K- ettuali~htg policy mirumi:es the prol!ability there i$ at l(ast 

<Hlt<· $f.,l'l!c~· tt!ith l'e.~is tha~ K; ·0 < K < Ni 1 t~~~5t<lrn!!n> at any ~h~1c instant 't • · (2-~) 

Th.e. in.eqt~itlug policy miuimize.s tht praba~ility that all ,,er'io.t:rs Jsave ltss than l(, 

0 < K < W; c·~stcm't?.r~ ·at un:y time it~..~ta:ttt ·t. ln this~~· we htwt.> to .assu.me·th·a.t all 

sel'>t~n:~ ha.\o·e id~n:tka.l eopaclty 'N'. (2.h) Tit~ K·im~~u.a!ir,ing policy minjrui~eo. lh~. 

(11'ii luiW#y th.at ~here. M~c · IM:J tlum K sctY\~'fl;. workin~ at fllil capat.it.Y a.t any ·tim~ 

in~>~a:nt t. Iu t·hls r.c'l..~~ wt: also h~'~>e tn as&tlll)t~ tlmt all !<etVeN! t~a.~·e iden:t.k<il .Cilpac\t;r 

N'. furth~t:mo~, it k~ sbown t.h<~.t wl1en an a..~igJlment choice l.s made ~~ween f.wo 

~t'lVI..+t$ With t'lqtlii} number (If (;~~t0tl1e~ h<!illg S~lr~~ it i!; itnmat~r.ia.} l:Q. which 

~Ub$y~~m th~ repaitfl'lal\ is ""~gn~cl. Up lo thls indiff'en~nce , lhe peTt.in.mt vmides in 

t.bt~ ahoYe ~.l·~~~s. (Jf: Jlr<,blerru;., are: ~how!Uo be· lHtiql.!ely ~pt,iJnal. 

fu.r rdc'\t~ti Wl).rk in. this are.~ we ~(r!t to Smit,h, (1918 .a,h), l)e.rmal'l, J,ieherinau <md 

'R:6s,s (,1978)~ N~--h ~d w~oor(.t982), Ka:t,ehak1:~ 3W,i .l)err'nun ( 1~84; 198!)), 
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Goun·.ou~:till ar1d Var~iya. (198·1), Ka~haki<; a.nd Mf:lolinaki~ (1988, 1989), frosting 

{1992), fJordijk A. and G. Koole (1992) anu rd~rcrsc.(,~ given ~!sere. 

Gonsiclt>r th~ reliahility rnodel fi"tSt. Th~ 81l3umpt.ions made i1·nply t.h~t at. any timll 

instant, t.he status 4Jf ,,n subs)'sti:'lM is gh·tm by a V(>cior x::::. (.t 1 • .:2, .. • , :r,'\•) with ~~ 

tlefiOt.ing th~ numht~t of fuudionl.ng (:Qmp<~nenls of SU.b..'I)Stem f, {I ::f .t
1 

$ J\ rQr 

i= 1, ... , N. The l'ft of ;\ll csuch vectors is lhe set of stat('!; of the system and is denotetl 

h~· S. The struct.ul'e Of ·the s)'~t(m' is sps~if\cd. l>.y a ~rthl-o~ of the st-~t . .,, 5pace S int.;.l 

two sets G. an(l B of "~oodl) and ~had" stat~ or alternati~~ly, hy th~ 5Lrudtlt~ 

fuuetion ~(.r} (d. Barlow and. Pwshan (1977)). f or :r.E S, !H <:?(x) {C1{.r.)) den~t-e th~ 

~I. of fa.iled (fuor.t.ioning) e.olrlJlt)nentl:l of $UUsyst.em i. We· ddine c0(z):;:: U !~1 C~{x) 
{i.he set uf all f,'loiled ~<.ltup(llle.nLS). Let al~ i~{.t):={ i : c?{.t) f. 0} dt~not.e the set (.)f 

S\ibsy.St't'fl\l!l wlt.b filrltcl {<;>tnponent~ a~ ~t~te z. Th~ car(lln•lllty ur si:'t j.\ is denot~:d by 

~ A l ~.'11 i.he numht:~r of wo:rkiug subsystems at sJ.ai.~~ :r is d~nott-:tt by M~( r.} • We 

detine l.he? st.at.t! ( 6 ,, :r.} by 

{

. (x1, • ._, ~-1 , ;s:,,+c, x1+t>· •• , z~) 

(bi!x)~. 

::; 

0} 

To si01pllfy t.be notation~ w!lenev~r ars1&iguiti~ m~ rmt ari~, we w·ill 1w.t. repea~ ~: ir1 

Ul)tatil)nll like J(,~1 ,l:r.}l , .i.~. Wt will write !(~(~/! h'strmd of l~(x)(:r)l . 

T-o de.l'.(,'ribe the opth~Sl al polkies )'<le need sorne more not{W.iml. Define th(; 

<:onespon(knctM d{~} T aA ... (x) h(.x.) , ~.k{:r.) of S htto 2fl, .. . ,.N) imdt t,b;-st wb~.s1 ~be 

sys\1.\m. is in state .t , •~{x) is ;my ~:.ml>Sylltem with thl! kast amount of fundioning 

wmpon(mt.~ for ~he { K IN; (lj Ni}i=l, ... ,Nl sys~em , nJi. ... (r) h~ any Mn-fun~tioning 

sul>sy~'t.i1l) if t he S)~tem is down; oHH:rwir~~. tll<'(;c) is any ·snhl.\y::;te(l) with the lc£lb.l. 

arMtlnt. of funni(JuitJg wmponents for the [N IN; (K' j Ni)i;.;;l._. ,Nl sy.?o;l-em, b(J:) i$1 

Rtly Sllh-~~·$t.e~n wi<h t.h~ 1argcst amvu.nl of functioning r.omrmncoll> at &tat~ r, ~>uch ~hat 

{:)!(~} ¥ ·0 f<n i.h(~ PIN; (K'I N');~l ... ,.Nl sy~tem. Finally, ~(.t) ·.is M>$ocialed wit.h 

the [ K f N; (N'l N' }j, . ., l .... ,rd ~~t.em 3nd it is defin~ ~o ~ any nou-f1HH'1.ionlng 

!1Uh.'f}'si~l1, if :the &yst~.m l~. down M, st-4h! r .md: there ate ).,~.; t.han K s\t(l..~y~k·m~ that 

ha~·e at. l~a:>t. :ane oper~tjng t;ornponttnt, ff the S)'stem is tiown a~ !itaLe '1: and then~ e.rc 
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~xru-.tly K subsystems thl\1. have at le.ast one OJ>eral.ing component. OI(!XI is any non

functioning subsystem ;Hnoog ~hose that h.we 6t least one opt>.rating ccnnponenl.; 

otherwi~, bK{:t) is auy r;ubsystcm wi~h the largr.st amount of functioning components. 

i 
any J, J=l, ..•. N, 11uch tbaL xj < K' 

';(•(%)-

a(x) 

={ 
any j, J=l, .... N, such \hat zj < N', 

~(J:)- any J E P(~) such that %
1 

< N', 

b{z) 

(2) 

(3) 
oLhr.rwlse. 

(4) 

if M~(%) < K and I P(x) I < K 

ir M~(x) < K a.nd I f~z) I = K (5) 

otherwise. 

where in tbe las~ dl!li..nition Wt! use the uot.ation P(%)={j: ~, > 0} . Note also that 

a1 (~:) E a(%} and b 1 (r) ;:;: h(%). 

I.r. t. ~ be a permu Lnlion of the se-t of subsystems, {1, 2, ... , !II}. Then, a ptrmJ.ss•blc per

mutalion Q of a. state xis defined by t:::~(r):=(:t~·l(t)'zw·l(?)'····~c-l(N/ where 

xt<7-l(i) S N; i=I,2, ... ,N. For example, if the staLe of the- system is (2,3,0} and 

subsyslem 1 consists or 2 romponent.s., subsystem 2 of -1 componenLs, 3.lld subsystem 3 

of 3 t·.omponent.~, then (0, 2, 3) is a permissible permutation, while (3, 2, U) is not. Since 

the subsystems have identical components ·a deterministic policy (d. Derman (197{))) 

ne-ed l.o be specified only up t.o lhe subsys~ on which a rPpaitman is assigned u,, 

Given a policy ll", we define the .stochastic prOCP..ss; ~.(t}, N..,(t;:t}, Z,..(t;z} M 

follow~;, 

i ) x,.(t)=(zh(t), ...• ~_.(t}) lake;; valuu in S and rt'p«"Sent.s th~ s~atus of all 

subEystern.c1 at Lime t. ti) N,..(t;~)= Mi~,..(t)) t~kes values in {0, l , ... ,N} and 

~prcsenls the num~r of funnioning subsystems at ~ime t, pr<>vided the state at time 

0 was :t. iii) Z.,(t;x)=~2·~(t)) tak•'\S values in {0, 1} and t('preseiiM t.he status of the 

sytilcrn at lime t, provided the stat~ at time 0 \Vas r. Not.e that ~ x,.( t) , t ~ 0) 1 

{N,.(t:x), t ~ 0} , {Z_.(t;.t}, ·t~ U} are all continuous lime MazkQV chains if 7r is A 
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::: :MA~rkov policy {d. Derrnan ( 1970)). lf th.erc m~ist a.. policy :r0 such that 

::!: N,.i'l(t;x) ~~-!V.,,{t;x) (tt>Spec-th'<'lY, Z7(
0
{t;x) -?_' Z,.(t(z)) 'tl t~ 0., f.or all policies '«, 

f ':ihf',n, we &ay that 1fo ma.,rm.ize$ ~tochastkally th•~ r.umber of filn<:t.ioriing subsrstl'ins 

!:i :(1."\~pr:cti\'dy, the reliabillty of the sy.&tem) at uny titne t given t-he initial stlite r .. ·~~<> 
i establish the st•.x:!1ast-ic .optimality of a. policy 1r0 wi~h respect t9 N ,.(t;%) 

1 ("'""''' .. Y· • • (•;•)) .... , ... , •• o .. ,h .. . ,h. following '""'~"'"''"" (6) ( ... P<".,,<iy. 
(i)) h(.lld. 

P(N."
0
(t;x) > .q ~ P(N1((t;x) > k ), V t~O. Vk={),l, ..• N, rorall -;r. (6) 

f'(Z"'
0
(t; x) = r) ~ P(Z~(t;~) = 1 )) , V t ~ 0, for all polid~ 1r • (7) 

Tht: key idea in e.~tabli.shing (6), (7) above. is lo ob~S~:rvV. that i11t1 rQJtdom vnriablct; 

N<r(t; x) mtd Zi(t; i ) may dumgt value at tf~J.SitiM r:poc.h~ ouly. F'urtht~rmDtt, we 

use the device of uniformi:tatiou w cquali:6u lhe times hetwf'~n tran~ition 11pocbs 

regatdles.s of. the: ·poli(·y "bc;ing emp!oytxl; ·soo also Katehakis ·and MelolldaJdiS ( 1988, 

19R!}). T11us., at any st.a.te w-e consider {dummy) Lratlsit.i:om; ba.ck t(} .dre same state a,c. 

~udt ~ r<:tte that ~h<} :;ojt')utn timt'.S X 1,X21••• of tht~ proc<".'lli in th~ diiTcrenL s'(ates are 

ideni.\:c:alty dl~>ttlhut<:d .random \".atiabies with rate r . wher.~ r is an up~r bound on 

t,h.t'i t.ran:lit.ir..n r.-.tcs of the process. This tesulting process is probabili.st.ically identical 

with the Dtigin'a! o.nc· (d. -Lipprnan (HH5J, Ros'> (1983)) . .Not~? th<~.t, ~v~Jt t,}H:>ugb t.hfi 

n.mniwr of trao~jtiQn .e~c/t!i is enlarged by the uniforrniY>,Itioit, no colilpU~6t!oh a~isM 

as: far. as po'Hdes .&re wncerned. when 011~ cau rr:st,riet a.tt.en~it'lll to rle.tetmit1is.tic 

poliCies. Si1ice il'i tltlr models lhe state ,;pace ·i:> :finit-e, t.h~ uniformir.ed process e:dsts. In 

the ;sequel w~ wiU r~tcic't at.t.ent.ion to tJiP- la.tt .. ~t and 'in ."ldrlition, by ill! a;ppr-o.priat.e 

d1;ange of th('; un i.i.- of t'itne., we will ~ume t>l1at }'=l . L.d. S,,=X ~ + · ·+ Xn dt~·note 

the {~~nd<H'll) t:hne of tJle ,jth t.mnsition cpoc.h ( S0=0 }, and lc>t n(.t)~up{n : 

sn :S tJ . Since w~ are t&nsidering the lntiformized rm')Ci:i!S', Sr.< arid n(t) are 

ind~p.~n!'ier1t of t.h¢· p.qlicy being use({· and i~ is .easy t.o ~ that { 11(t) , l ~ 0)} i;; 11. 

Poi~fin pr()t~s...,· wi{h (at~ L Let N~(ll.:x) (respectively, Z,..(u.:.o)) d¢n~te . lh!!: _nu~·nbet 

of fun~;tioning ,'ii"lbsystcllils ·(rE$j>e€tiYdy, the status of 'be s:rst.-em) at· t h:e -st-ari of the 

-f~t;h UM~t.i(lfl eppch. 

'r/t?. 0 .. Purt.hl"..rr.nore, 
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Let tiS define il.'l ( n "• k) the problem of maximizing P( .¥1<( n; .r.) ?: k) J with fi1:S!}eCt l.o 

r. for fix.~d n ;mel k ; lt:::01l, . •. , .(>:::0, 1, .. ,,N , IL l'oJ!,'lWH that \f there I!Xi~>ts a. 

dctwninist.k policy ~~'o (who&! adions Me indcr>t!ndent of 11 ;utd k) lha.t is optimal 

for ;l}l problems (ll 0 .k) lhcn Lhis policy maximi:tes st.ochMtil'~liy .~· ... (t;r) . 

~'urtbermor~ if tl1c problems ( lln,.k) po.;s~ a. unique optimal policy lhen thit~ is tit~ 

only p<~lk.y thl$t· Tfli!Jdmi~l~ !itodtMI:ica.llr N.,{ .t: r.) . A ne.logous lll'gltme~JI.s hohi f(J~ Lhf: 

ptoblem or ma.ximizin~ sLoclm$tiC~Ily Z/J;x) , i.e., it I!Uffices to <:oMkter the -prob\~ml> (H:,,.k)• of ma~1mhing P(i~(n;r) ::: 1}; n~.1 .... , For each fixed n 

and k Lhe problem (flrl,1J (r~pe<"tivl'ly the problem (D~.k)) il'l Hpt'.<.'ified by the 

{OIJ<Jwing ekmtllt.'l. 1) 5'ttftt $,JIIJ('t: { (t;n~). : :& € S, m, : 0; JJ . .. 1 ~1. 2) Actitm $t:l$: 

A(r;m)=A(x) • 3) System dynamtcs: when the system .is in St(l.tc (.r;m) and actiosi i 

is ~hosen, then, the pos;;ible transition!~ a.re~ i) tu sta1.e ( li.~;m-1) with probabilil.y >., 

ii) t(' st.a.t~ ( -11, 2:;m-l), for a.ll subsystems /l$uch l.hat 0](:&) #- 0, with probabilit.y tt1.'1 

, ·{ii) 1o $'late (x;m·-1), wit.h probability (1-~-#(.i)), where p(x) .=p 'E~1 1:; • 4) 

Rr:w<tnl ~tNu:turt 1{.t, rst) (respectiv~ly r'(z,m) ) given by, 

and 

I 

•(>, N}={ 0 

{ 

I if tP(x)= 1 

t1(r.,1~) := • ' . 

0 1i '¢>( t.)=O .· 

(9) 

and I'll ::: 0 

(10) 

Now, let ff1(x) = f\r-,0.) and li2(r):-::r'(r,O). Tllt~n , the dynamic programming 

txJlla~hms for (Uu . .k) (r~pec.tively (fl~,k)}, MC th~ ['(JU\)wing 

, N ) 
t:(.:r.: m+ l}:;:max (ft-.>.-· Jl( x)] ~< z; m }+.>. t.(l,, r; m)-t JJ· L .t1 t~ - !1, .r; m) 

t E A(:r) f:l 

for j.:::l (respect.ivety for :i=2') . 

I.et w.,.(:t,m) denote the value function of ~ de-U:tministic polky for (nn,k) 

{respi..'<:.t.i't~ly (lr;. , ,~)) ; t.t i.s the unique oolht.it)tl to the following system of Jineru: 

<:qu&tions. 
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,• ,, 

' 

N 
tu_.( t; m+ 1) =[1- -'-·JJ( z)/ w~<( x; m)+.X w,( 1 ( 1 ,, t; m)+ 11 E 1:1 w .. { -lr. r.nn) 

" s . m+ ) 1:1 

m::=:(}, ... , n- 1 , ( l2)m+J 

for j=l (rP.Spr.t'.t\vdy for j:=2) . N~te lha.t tht> polirielt un<1r.r consideration (('.g., 

equali~iog etc.) ha.ve tbe SP«ification that w{~,m)=lr(t) , fot nil m. 

We can now sl~lt>. U1P. following 

~OPOSfl'!'QU.J.: A ue<:c~sary MJd rmfficiem. condilirm fm a st-at-ionary policy lt'(l 

tu Llc opt-imal for probl.~m (TI,.., k) i11 the following 

w,(1 ( )'.t;m)~w..,{l 1 , z; m), VzES, "IIEM~)-t~0(:t)J , rn--:O,L .. ,~- 1(13)1>', 
0 .. 0 r 0 

P ROOF. E'<Juations (13)111 imply \hal- IJ.•'IC
0
{:r; m) , rE S . m:l, .. ... rl , constittll:e a 

.solution to the (Jptitna.lity •'l<'lua.tious ( 11 ),, , m= 1 , . .. ,n , which have a uniqu~ 

.solution. 

eaovosrn oN -~·~ A !Hl.¢t.Ssary and sufficient condi~ion ror a policy 1r0 to -bt~ the 

unique stationary opt-imal policy for the problem t>f maximizing stocha.stic·allr N x(t; 2;) 

(r~SV«tively Z,..(t;r)) is the following 

'hE S, 3m0:=m0(:r) svch that (13),,'0 is a .!lrict inevualily 'ria E A{r)-{lr0(:r,m)}.(l4) 

~.ROOF. Th~ daim follnw;o from (8) and argumt'nt.s 3Miog<>us lo •ho!i4! ~hat ~~~~t to 

the definition of prublc!ll& (TI,., k) , ( I~,k). 

RBM.ARK 2.1. Thr. system performanr..e criteria w~~ ut>e lc.'l.{l to optimal polid.~s with 

ral.hct &tron.g optimr.lit.y properties. Ill patticularf all optim11.l policies rm iJ.H cMcs of 

this p~per will a\so be optima.l with ttsp!!tt to lhe tllful rTpU:ftd discoll~ltr,;l. PJ>tratior• 

hmt of tht 3ystem and with n:spec~ to tlle a1•<1il4biM~ nf tht: tyskm. To see this r,otice 

(i) that for the str~<ctul'(11 undt'r considt>XAtton, if a policy ma:<i;nizes stochi!Stic:ally 

N ,.( t;'%'), tht-n it ~1~>-o maximizes stochastically Z.,( t; t ), and {ii) The tot.'\1 t..'<pectcd 

discounted opera.tiol\ time of the >~y~tem i;; gJi\·eu by 1 e-Pt l~Z~(l; 't) = l )dt and the 

availal)ility Of the sy$t\~m ifi given oy lim 1 t- i~t P{Z.,( I; :r) = 1 )dt . 
. 1-~ . 
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In thi!< *~tion wr t'.St.-.blish t h~ op~itslalily of the P''rlill<'ll~ polkiffl f;.lr th" ric'-"-~ (){ 

sy!llt~tllS \utroduood ill PM~ 2. We ~otlut wi~b t.lh' l K IN~ (11 Ni},~1¥ •• ,NJ sy~>tt'll\. 

Fit~~ lH.lt<l t.}ttt!. 

(1&) 

.f..~~~!I"'SITtON ...31:.1: (-~) 1'/u f9~<llimt; policy lll'i.1"HIU:e.s SICir.k:ntteaU~ ,\'• { 1; r} • at 

a.nt~ timf. in.~t.ul1 t.. (b} An!i pulu:-y f.~al ~s n(d <"<JlSI::lwng ~ ~ ,stndf"¥ u·orse t.~au tbe 

e•;u<lls ~tng polu:.IJ. 

r1~9.QJ:., 11.~ proof i· l>y uu.lur.twu ()U mUllin~ {2 l3) and (2.12) Jn L~mmM."t 3.1.1. 

3.i.Z f..r-iow. Tht• prr.K.l( Qf {h) is ghen i:-t I.<·mma. :t1.3 below. 

'for notat.i~~n~ !$imptir.ity we will use the i\\)l.ation ~~o(l',m) in place of ~~~(.r.m} wh,.n 

then: i;. no d<\to~er Qf tOTlfll~t!m ~h~u~ the ~~ky we M.:: «-ft~rria~ w, iot ~.,.~.mple, In 

tcmmat.1 :U.l, i.o 3.1.3 ~'{r,m) will d~:t><>t~ tht' ~alu~: (unction ~lf th~ (f¥ulrzmf p<~lt~f. 

in L~mmMn ~.~.1, to 3.~.3 it dc~tlotf:s tl1e \'alue func~lou iJf tht' K- equaf:~1fi9 ;KJlicy. 

!:~~M~ :t!.J: f'<1r tile v:\lu~? f\lt,s:ti(m ()f th~ etJu!l!i;:ing pulify. the full<lwing r~h~tisms 

ho!u f<>r all perwi~i~k permutAt;sJJJS of a stat~ r. 

~(~;0} ~.;,(~"1(~) ; 0) 

N N 
A l'ifl, sirKft t ¥(':: t r 1':' • 11 /) ~·~ get 

l :::t /:::;1 ' 

1s(x)-:::: 11( ;j .t)} 

\·V ~~ m~lt ~ <~h~r ~r: that; 

(-·I*'~< x)) = { .to-1{ l.)' t~Al(::}''. ,, r~··i\i· I}' l' tlt'l{.k)- l, .t:z·!~ .t+l r ... r ~-I{.¥}) 
::: ; ( .. I :t'' ' { .k}' t) • ;\$umiu~ th<~( the l~mn1<1 holds up t(, ts1- l1nduded, wP. &ct 

(17} 

{l~) 

fl( -11,;( t); m-i) :::: u'( ~t-l ~·l(.Wt); m- l ) ::: u.( - lw-l(t)' t ; m··· \) . ( 19) 
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N N 
}: :r. -llf) ~t ···lcd(ll'r.: m-n~ E 'tj l .• ~- ~ ~,x.; m-·1J 
J=-l 'f» ' I ' ~~l 

In a simil.at t~1 (H}) way, ~ne may sh-(~w tha:;. 

Bttt th-t~n, equ~tlon!l {2.l2}m ,.anrl -(3} t-!l (7), 

~<~:m) '" uf~{ .t); llt) . 

. {if!M~~~---;\1~~ V z E S : zJ $ .t,, (~(.r.) ;/; 0, f1f :.<) :f. 0 Hi1! fc.lk>wing. l.n(:qu.alit. j~~; 

~~t lntt~ 

. 
tt{l 4( 1 ¥\,ij,.11m} 2 tt{l<l:t ¥)'l,,r;m). 

'\. ) , ~ J: 

.f!!OOF, lf z /=.r, du~ result h~ uhi~l. J.l1mce a..'\$ume z 
1 

< z-; • Tht~ pf:f_'l'l)f i~ by 

induction. f'€'r m::::O , by t<>U.~iJ.~ti~g r.<s..'!<~:S for M<i-{.t) , ~~ i~> easy t•:J dJ~,~~k l!ol:lt (22)c. 

~t (2:f\) ~re <n~~- Now, lt~t ~.~.~ .;;..c,.-.um.~ tl\ey a.r~ trul! li}> t>Q m-1 ind\ld~ld. T~') l>how 

· {2.2) .~ , w~.: l~tst. ot1~<~~t~t~ that 

wh(l:fl in tvtn, l{~gc~heT with (~2),..~. 1 fur t-h~ ~tat.e ( .. I 1, :t). gh·e.'l 

.i't' 
J1 L t j tt{ -1 /•1 j< :r:m-1 )+ /(( Z 1·+ l) tt\-.t:rrs- 1 H· { IX, u{ •v I i·l i' :ti fti. ... 1) 

{»l • . 

1 f.: i,j 
N 

~ ll E r.l U:~ -lt,li, ~; m-1 )~ Jl( xi+ l} tt( J.'i m-~ )..;..p;:j tl{ ·vl j• li• t : Ill··· {} 
f,., I 

l :f. i,j 

{25}~ .. I 
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flut. tl)e~l, equation!! (23)m·-P and (28),._ 1 establish (22)m (p.otit:P- that ~el))ma. ;U. l 

is 11.1110 used). 

Ca.~r. 2: 1:a(J .z) > :to(l ·.:·}' Then we necessatily 
,1 I 

l.<!mma. 3.1.1. tv( t'il(l: ·:r).l ;,.r..,,rn )=u< 1 i' 1 ;1.:ti m) 
I . . 

have .t11( li.r)=,;j , and hence, by 

Th.en (l~~}ti< b<xomf.$ 

w(ln(1j'.,)11 i,:~.·; m) ~ w{l j•l; . .t; m). Tbis is true by t•).:r} • " 'l . 1.- .. Y>>• Since, iOt • liS case, 

r at l r.)=r.i+l ~ <:;. Therefore. th~~ proof i:; complet.e . 
. \ ) . 

RJ~M~RK 3.1. {;a.) I.!:mma :}.U omd p;ui. (a) of Le1~1ma 3.l.2 %ta.biish t-he optiJnaJit)' 

oi'Liic ~qualiling policy !Iince they sugg~t that: (i) ·at st.'l;ge m+l, ii. is bt.tU:r to assign 

the repairman to the sul»wsleru with the le~t ~mount of wnrkir1g <'.Omponent.<; and (.ii) 

if th!.!rc ·are .more·.thatr out- sullliys~ems luwing the same (minimuxn) number of wmkiug 

cr>ll\f.l(.mem.s, then, it ill irre}eyl:illt to which one 4lll<.Uig ~hese subsystems. the n~p.1.irmM 

i;;. as.'fig.!1~~ . 

(h) We makr. two -obsftval·iuns .. about the v"lu>:! of (Il,~,.~:), whkh may be f'i:oved 

di~U.Y" trorn Cl.ll}m us ing induction. 

(i) For k=O, !:(.r.; m).::: I as t'.xp«f.e~, auu, 
N 

(i:i) F<>r k=l, t<~;m) =. I!{ 2: t 1; m), and hem.t:. .all policies a rc opt.irnal .ill 
[ ;.:;1 

(t:) If t hr. si.ru.cture of ~he sysl.e(u i~> ·r.he trivial f ll N; ( l j Ni)i;;l,. .. ,!'!i , i.~."' .cvcryd•ing 

is <:<~nn~~l!.r:cl in par~lE:l: al.l poli~i~!J. are .d~1:rly· t,h,~. f1a.nte w·it.h re:spe.c.t to. the total 

"'.xpocted di~ount~d operation ·lime of tbe sys tem or iU; availability. Tt.is (.orr~pond~ 

~o. ~h.e r.ase of b l, ai>O\'C· and (2~6:) .<.)l' (15-) below is. au equ~lity thcp. 

We n~xl. state the. foJlowing J.e.nmw. which establishes the uniqu.em.-ss of lhe form vf thi! 

•w'·imaf pr,Hci.~. 

l,~MMA. 3..1~~.: 'Then c'I.-i!!f..~ m 0 ?. 0 such ihat, fvr. k > I .• incqnaiity (22),,. is $(rid! 

·i .. £. •• 
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~~~.!:~ Vz:ES: t:j < t;, c;(z)¢0, (..'?(r}~0.3m0 ?.. 0: u{lj1~;m) > w(li,r;m) 
~~f~i~~·.:·· 

11::.: App<nQL, A. <'gl 

~~~·~~~ next consider the. [ N I N; (K' I Ni~: l, ... lN] syst.em. Note thA.i. .given a po.lky -;r, 

irthe si.ructure of the system implies that the random procc..-:s Z,..( t; .r}. whkh describe:'! 

.l!~i:ri~ oper11.tioMl status uf the syst~m {rdiability) at tim~ t if tche stalt' <il time 0 wa;; x, 
~:;:;:::::.·; 

~giv~-~:•l{ ;:r -~~:::::}=: N (30) 

: .wl:lcre, M6(x,.(t))= l {i: ~itt{ !)~ K'} I . We ne.xt eslahlish tl1c following. 
:·.;.·. 

:!!.!!tlwr<>srrtoN J.2. (a}. The K'- 1J'Jun?i1ing 

~~.:i('t,z)=P{Z,..(t; .t):::l} aJ. a.uy Lime inst.a.nt 
:·:· 

p(l/icy 

t. {b) 

ma.xmmes the p:r-oba.Mlity 

Any polky th£~l ts !Nt· 

:'::K~- equa..lizing is strictly worSt' than Lhe t..-qualizing policy. 

,.:P RQ9F. For !'<Ht (a:) we establi&h ('2.13)m 1 m=O, 11 ... ,n,- l. For m:::O, the proof is 

:: •• ~b.viow;. Tht induct.ion is comph:ted using {2.13) arnl (2.12.) in {,cmmala. 3.2.1, 3.2,2 
:·:·. 

t:<&~!~w. Th~ pr~o,of of fb} is .givcn br Lemma 3,2.;i Wow. 
::· .. .. . 
:· 

w~ need the following llOtaLion. For any sLate X define L(;r;, K'):= {l: ~~ 5 K'}. 

l ,EMMA 3.2.L (a) The vabu rcmtm.s co~1stant or:er all permissible ptT1/IIIlahc<n.'$ of cl 

st~te r., i.e. 

:; .. ;. 

?li{r.; m) ::: IJ.~t«{x}; m) f<tr m= O, l , ... ,n. 

(b) F(lr <11111 tv;() sip.t'e:s· .r. and y for !l.'hich m L(r, K')=Uy, H'), {iii L %t= L !It 
%I ~ J<' Yt 5 1." 

lt{r; m) = ~t(y;m) .for m=O.l ..... n. 

· P it,@.£:, ·Tht• proof of part ( a ) is omitt-ed as it is similar to. that or t4:.'Jrtn1a 3.1.1 with. 

t.lw only ru-ldilion tliat it also u..:.:es part: {b). f'or ~he proof of TJ&'t {b), lc~ 

L{F}.=L(%., K'} (=L(y, !\'•}). The sta~emt!nt is th~ll trivial if z1= y1=h'' fm all l € L(Ji.".) . 

lfellte .• t ake i and j such lhat r; < W. and Y.j < K'. Thea. sta tes ( 1<1 h~(:z:)• r ) and 
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(1 a 1\"(:v)t y) satisf~ <mswnptions (i ), (ii), and fiii). Also, if l ~ L(Jt), ( -11;:r} anu t - 11, y) 

c~t't<\.iJi!.ly satir,fy (i), {ii), <t\Hl (ill). Finally, for any l.f E .l(/1.") (-!1,1.) a11d (- 11,,y) 

a.g<llin .s~t,isly {il (il), a.~d (iii). hrt (bJ foll<.lWl:l then by using {2.l2)m .and finite 

inducti9n. 

L&\.tMA 3.2.2. "'t E S : xi ~ xi , S(.r.} '# ~. ·C.?(r) :f:. 0 the foflowing ineq:sc.litie~ art 

trut: 

t!'{lj,:r.;m) ~ w{l;,r;m) (33),. 

{h), 11;(1 11 .,'~')'1 1,;~:,;m) ~ Jl-~ 1 (i. ·)'l;,.r.;m}. 
°K~Y . . «r,~ 

£M9L 1~1!e proof~:; along cxadly t.h~ same line:> as tile proof of Lemma ;:u.2. Th~ 
only difi'cr._.uce is that in pro~·ing (34),.. and aft.t'r a..~•lming, without. loss of generality, 

that xi< x1, one ha.'! to C¢usider three tases. 

s.:u. 

C'4$e (ii): 1/-ri"?. .{?' bul ?-{< f{', !:hen 

(a-) rt r.'.i::::/1'~-l and ljx i's non·flln('.tlot1h,g, rdl~lt th~~r(l t>Xist-s k "# l,j with ~k < K!. Then, 

at ..;lep 111. we may choose (JK,(li~)==k. n(,..-.(l,IJ$! of Lemma 3.2.1. we then have 

lk1 10 h"(1:ixy l j,:r.; m ):;::u-{t 1.: • t j,x; m) 

(i}3)m ll!l~ll gjy~ 

(:15) .and (36) e,<;t:al:l11~h {3.4 )111• 

(35) 

(36) 

(bl If. ·xj=J<'~l and. l 1.t is functioning:, thc.n a(1.(1 1~)=j while we may also choose 

aff,(ljx)z-!:i. Hence, using (~'33}m fM HHH({Si.e (1j,.t) w~ are l11d Lo 

u.'(l , 1_ )-,11,<r;m).=l({l,·, l ;,r;m} ~ u.(li,lj,.t;m)=1t.~l {l )•l,.r;m) (37) 
a.h."·~ :1:& • 4 11' ,:&. 

(c) lf :ti ::5. .1<"-t, tb.cn both (1 j,.r} aJJd {l,,z) Me .non funt'.tioniug and heo1ce, we may 

t~hno-'3~ reK.,( li~)=ax,(l Jx)=j which l!lll.abl~hes (34)m through (23}. f>inally, 

C M ti ~#i): lf ti ?. F;? a:nd :r'i ?:: !{', then 

(~) . If :r. is ·Jl\)t, fun,~Lioning, thcu. lx>~)l (l.j ;·i) and .(1 i,.t) ~r-e !lOn flmctiorfi~g. Ucnce, we 

rtmy clwl;)~~' k:f. i.~:i w.it;l1 ll:k. < R~ , :m thRt· «J('{l 1~)-=~".(Iir)=k. ( 3~) an(f (36) ar-e tlle.n 

V't.lld at\d (:14).,. follow~. 
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~~:~· 
[{b) rr % is functioning, tht"J\ (lj,.t) and {lj,x) arc f•1nr-Lioning and hente, 
re:., 
~~(1 j:t)=a{l jt) and "K'( 1,12:)=a( I ;r) . Th~ prpofthen is a~ in J,~mma :·U.2{q ). 
~1~~~·. 

~ARK 3.2. {a) Af:i iu Proposition 3.1 , I,emma 3.2.1 and part (a.} qf Lemm .. 3.2.2 
R 
t":tstablish the optimality of lhe K' -equ:Ufzing polit-:y since they ~ugge!>f. that at. slnge 

~;'~+1, (i) If \he ~ystcm i« down, prefer not t-o a.-"Sign the rcpaitman to .-m operational 

~:Lt;y~;lcm ar.d r;ht".n i' is itrelevant to wbicll .nou-fundi()uing subsystem ~he repa.irmall 

t_~ assigned, but otherwise, (ii) i\ is bi!Uer t.o assign t}u• tt"pnirman to the subi>~'s\.em 
~:. 

fu:Wi.t.h the lll<)Sl amount of working (ompont'ntJl wllile, (iii} if there are more tl1a.11 one 

~u~y;;tem!i ~av.in.g the same (minimum) n1.11n~r of working conrp<menis, the~t. H is 
~ . 
~jhelevant to which, a:rno~tg tht!lie sub!<yskulS, tll~ repairman 1s· assign~, l1ence, 
~·· 

t(l.U3)..,,t-1 has been establish .. -d. 
:;:. 

(b) lf the system t$ ~-out- of-Nand all subsystems arc N'-oui.-of-N! , i.e., everything h> 

~nncr.t.M in series, then all policies are de-~rly N'~1uali:eing and OJlLttnal. 

'·w~ next !>tate the followiug lemma wltich e,stablishes the \llliquencss of the form of the 

.::·optimal policies. 
·=·: .; •. 
$::··= 

i~·i,•~MMA 3.2.3. For any state :r in S tlie foilou•ing incquc:·litic;·s hold. 

{i) II J: E B ; j/icn fur zi < A" at}tf :ti ~}('such that (~(2:) :f 0, C..?(r..) :f. 0, 

:;..: 
(38) 

{i) Tf r E C . thf.n for :::i < :r; such thai C~( :t) j; 01 d,'( :t) j:. 8, 

(39) 

J·EnoOF. See appendix A. 
·>: 

~f:·:· 
:[;'\t~ next .consi<l~r the [ 11 N; {K'I N'};=·l .... ,Nl sy!l.Lctn. qv~n a. polJt::Y lT", t-h.e 

·:·. 

~tru.cture of the sys(cm implieti that the tacndom vari<l.ble Z,.,(t;t), which describes 

the opeT'ational status o( Utt' t>ys~.ern at time t if the stole at t.irn(! 0 was x , is 

given by 

if M~(r-K(t))=O 

Mi~(t})= l{i : rilr(t) ~ li-1}[ . 

(40) 
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JlJtoP'OS.l'l'19.!'L~:;1.~ (n) T'h~~ l'jl.e.~u~~Hzing · poUt~!/. .mn.xirnize,~ tn~ probll~ilit~ 

p( t..r.")=P{.Z--s(t; ;c)~l} tlf aity 1i~nt~ ·ir~-~.ta.nt . t \!~) f'rlt K'> t, .any .{S.(d'it~Y t.i:all t ."i R.iit' 

1~!t:OQ£.As \n tli~ Jir\~Vii.)U!l -rm:fpO$\tion.~>. ·th~ :~rO\)f of ('a) is hy· imluct.ion .u.n m using 

{ ~.l3j ;md (.:U-2) and \:ulois.e lu t~ril'fl\<'\.l.a. 3.:U, 3.:t:2 bdow. "i'h.~ l)tOt>f•'jf _(t:.) is given 

!-f.~M.M~Ji-lh.b T4~~ ~'<!l~· >if tA.~ ik•~~'lll-4<l.iti!~g p.<·h~~· r£.;Jht i n.!' ~~im~·t·~v;.t wer !lti 

!'iWil~~<(S.iiJh }~f:1'1nit~·tf:i'{>n~- 1>/ <~ $i.at.t~ 'J:, i.t. 

!~11:00!<\ Th~ p~·O(;hf{,'$) .i:~ id~::".n~-i(~~t tQ · t:h~~ j)l'~l<if.<..)f terrrmts ~U .2 {a} llfl.th. t-he $lg}l of 

~ll mimt)(:.r.~~d inl~.foJ.~t<tll.ti'~~s re-.·~~~ed. '1\' pr1l~·e ~~~xt. (hi ... w1: r()il,;ider two r..-~'>t~S_; 

(I} lf r.$ < t~(x)' t-hen L·~mma 3.3 • .1 and { 112)~~ f!${-ahll;;h (.{;{),l1 

(ii) If ~:-;:::.zb(a:}'> th~n 

'i'l . .. ( ,,,. ~l"h-- <(.i: } "" 1'·'' ,-;,'- l>\1y t:)!'l i'"'·''" }-'··-··<>•\A I·,, j!"' l<} 

J'H.;o,¥_.,~1~-...i.;l<~_._L {;~) hmm$1. <Ut r a~~ld. pa,~t. {a) ~_>}'· ~~WIXI~.i ;t.3 .. 2 ~~~~<1.hli;;ls ~h.-: ")p{\.ma!i.t,y 

~1f th~ inl)tjt.m.!\.r.iRg· i16lkf wit.h · t<n>~ u:nl<tl <l.l'~l.il:(l.~-llt-. 

{b) lf W;:;~, f'l~malfk ~- l {bj· i:; valid a.-n(j alf p<>Ud~~, ~:rt~ {!pt.imaL 

.,., , .. l .... /~,· ) ' <l CO' ·' . ~ .I 1!-':'.MM;."< 3.,;,;,l:.. 1'\..>r ati~' ·$tM~~ t ~-~~. .'; i'illt 1 t.u,~t. ti. < ·x, ..• "-'~/!• .. 1:. ."F-' ¥6 -·j( ~:J :-ft ~ t: ~e 

li>.l~~w-ing ~~ t.r.1.i~ 
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(45) 

~te nf'J<t CQ!t•i•fu the { K I~. {i'i'! N' Ji:-:t ..... !'.:! ~ptc:m. Ghc•n a polic}· -s:, Lhl' 

~u(Lm~ ~r t.he $yat(?m implil.'$; that iJs(? r;,J\dQm v~\~il\blr. Z.,(l: 'f;) • which tl~1:til~ 
.~ 

~Ule tdiabili.ty llf the sy~lem ~l time t if the st.>t~ aL timt 0 wa,t; t . i:. gi\'en by 

{

1 1f .\f~(r..(t))~'K 

Z"(l;~}= • 

0 uS.ht•rwist 

~-'h~~t~ M('{r.,{t)) :.:. H i ~ r
1
,.(l)::d\'} j • The rr.ain rt~uh is tltt" t1;l!owing. 

J&Q.'P,OSIT!ON ~:!:. (c'\.) T4e K ··· HHqMimttg poh()J ma.rimi:<s tlw prci>(!~lfil~ 
P{t,r );::P(Z .. (l; t}::1 } at ~nv tsmc nut~;•t t (b) FM K > l, '"V p(ll:ry thcll u nQt 

,K ... uu:qu~li.n11g IS ~tr-1 clly u:oru than the t9wal1t111g pc!1rg. 

PBQOF. As in lhl' pr~:vious prof">Sitiom~, the ptooi of {n) i:; by im!u.ttion on s;; using 

(2.1:\) . (2.12) 4.1\rt i.; done in f.emmata 3.4.1. 3A.2 bdt)w. Th~ ,,rr>Qf ~lf (h) is givr.u in 

Lemma. 3.4,3 hc'low. 

··'l'O !.Late tl;e li~X! }(mma we nr•r'fl the folkn~ing :n&tad•m. l.t"t JJ(r.J\) he' the 5et <,lf th~ 

ilitst A' .suooys1em11 in ord"t uf thf' num~r tlf their fum:~ioning COIIlJ>Onr.sst. ... 

i:~A. 3..1.1. (a) Tbe t•ttlt~t <•f th' K - wt'qu,'tliz-i,;q p~>iH:y ro!t:~in~ t'MUtllnt <>t.'f~~· all 

permwiftle p.-rm•t~~li>A5 uf ts $/4tc t, t.~ • 

.. 
o{b) f'or <H>§ ltt·l) statts E tsnd 1 f<>r u·h.ich (i} ~,=0 Vl ¢ M(2:', /(). §{::.g Vl ~ M(Jb Ji1.-md 

{ li} l: 1:1 '::' .E fl.$ K,"'r .. , we have 44~r.;m):::: tc(g;m} ft,r m=O.l ..... n. (<18} 
. l € ll!l.r • .tl') IE M(J.K1 

:I:':Bc)c)f'. Part {n) )s ,hviou!. Part (t1) is al:ro obviou~ if {ii) is ;m <..>quality. Thu!f. 

~umc tbat hotb r nud y arc non functioning st<~tl's. Then, ;,tate> ( t~ 1\{:s 1 • .:-} ant! 

.(l£A{t)· y} sati .. fy R..~u.mpt'iC>ll~ (i} and {ii). Aihl>, for any l € M{.t, K}, t E M(y,K) sudl 

<'that z, > iJ, ~~· > fJ. {-l;. r}ar.d (-tpy) again ~~tisfy (i) tWd {H). Part {h) r~lllows tlien 
··=· 
;!?Y using ( 12),.1 ~tnd finite iududion. 

kRMMA 3.-i .~: 'VzE S; r
1 
~ r;, C~{r) #; 0. C,;(r} :/: ~ lht follfJv.lng mrqu:Jitt~e·.s tlrt j 
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f.89.Qif: {3~)m it; prov~d in the same way as (42)m• Btl¢;.1.1\~t' nf paH. (\)} <Jf f.hr: ,previous 

lemma. t~Hlbow (;~6)m, it~ $\lfiid!!nt ·tO ~>how lL(ll.>(l/~ )•lj,.x:;m) $. tt{ll>{l ;z}.l;,:t·;m}. 

This i~> dmlt~ iu a W{•Y $huilar t.Q lll<it c;;(ahlishtn~ t4a),. •. 

. R!~\fA!YS--~A~! {a) Lemm;1ta :u.1 ancl 3A.2 (a.) provt~ p;:~.tt (•l) t1f PtfJ~~ition 3.4 
~>iMe lht>y ~>ll~get)t: thai. 1$t St.l\gt' m·t t, H.) i.f the syst~m is down a:1d th.t'.~ ar~ loo~ th&~~ 

J\.' &uh~ystem~ w·it.h functi~)uing t:.t.lmpon:ent~h th~n il i!l irrelcv.·mt t.o whieh Ml\ 

fln\l'.t.iorring· *!Uh~>y~>I.Mn th•~ r ~p;l.irtrl;l.n l$· a.snigMd, while, (ii) if tlw tSylltem i~> d'<>wn and 

t.here Me e..~al'.t.ly K sul)l)ylll.ems with function!s1~ <~fAI)) j)ohmtl·M-, t.h.~t. ~m~fct not. to as!!i~n 

tbe tepa~rmiw to .a !i~tbsyst~m wit}l tlS> fmh~~iQtling r.mnp<..l.nr:U~ (and Lh1~fl Jt ~ocsn 't 

matl~t tu which twn fum•.tioning l!ltbsystem she l$ ~~,l~nt<d) .. buL (Hlt~rwise, (Iii) i~ i~ 

t~e~ter to ii.'!&ign tt.e tepn.irmnn to tl11~ !lOrt fuJ'Ict~\)tting liUb~y~t~l with the large.'\~ 

amount of w11rki:ng mmpoMn.t..~ (\nd t.bt~n (\v) if there ate mo't~ thlin one :mch 

suh..~y~tem:; l'nlving i.h!! sam.~ (nla.'<imum) ··nur~:1b1~r of ·working ¢(\l"il!.~ts.eli~. t.r.~m, it i~ 

itrdev<ttW t<, whidt.. among. tbcll~ 5!1bsyst.i~ms) tht': ·r1ipairman i:s ;l.%ig~h~d. H~h~~. 

('2.1i!}m+t ha.s b~l!tl t'St~bli!ihed. 

{h) lf l<= N, i.e. t!\lerything is Cl)unocteld lt. fit~ties, tl11:n ;lll fK}lkks ll.l'C clearty 

}{ - inecluali~h~ and <Jptlmat. 

~~2MMA .. ~~;!~ (i) V~E J3: ! P(~) i ::::::l\:; im!. t;z-:.0 ~nd I)< :ti < N'. 

3t~~l ?.:: (.1; ~t{l 1:,:z;t.m} < t(:(li,r;m} '#ut ~ rno (51) 

(H}. 'h: € $.: { P(~:_} I > l(, ar4/t>r :t·.l < z1 ~'IS<:h t1wt C1(z-} f. 0, t~?(~l.f ~. 

3mo ~ (i: ·u{lj,.x:;m) < til{l.;,.r.;m)Vm ?.' mu {52) 

lsl t.hi.o; ~~t;tl.~1n w1~ 1.'5~-ahlish ~suit.~ { l.;s,) .t1s ~2.b) illf.~.~lht<.:FJFl 'lsl JL Ree&l th;lt. the 

M~ rk.o ''l~·tl d~.k<io:ti pr<.lC!!~Se!i< fon:tm.{al:imi of 22 •~~sna.in~; .'<'~liFl ~~;\H1 t.tH.~ ou l:t · di li~~rel~ce 

hdtlg i~t,,.t onnt(!l'ptt~M~ion. 1'\ <.i~dSlOU. m ~I~W a de~~lsk)fl a.OOUt ntl i!;);'~~v.~f 'ati..'lignmeni, 
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'*:iO!:·:'·t'''""' ('.Q~t~,I.'I(HJ(.l~'t:t> t1f the JSta;e ·v~.l,ot t, , .t.i nuw siel.wtiu~~ t4e ·muuher ()f ~~~:>'tomf.rli 

·~, ~~~Vl'r i . We need th~ folkh~!u~{ not.ation. Let 'N..,.(t,x) d~nutc: the numbet of. itik 

~:~~p~e.ri> t\t. t1rll<~ .t, gi-ven the hlitial ~~.a~e ~ wl;~n pt)lk~· ':f is Uf\~1. AI~ we dd'illc 

xi~r(l} < I\} ! :o.,.(O):=x} 

p~}{t,.t)=P({x;*(t} < K, Vi:..-:l, ... ,N)l .rx(O)::::r.) 

l~~)(t, r.)~=l'{{ jl: X;,..(!}::::N' I < K I }I :.r.II'(O)~::::.-:) 

($3) 

{54) 

i.kat {l~ )(f.:t} dellot& the pN>IMl<llity tha'IJ i.<o ill l~·w1t OIH! s.:ntr u•tl.\ :u5 '!han. K, 

cu~t-.m~~:r~ (f'O.t i:~ !), th~ tJro~<lbihty ~11..-:.t all .~f!t'tiu·s I~<Wt' leM llm4 K, 

cu~L<>ml!t'S (fot h:2), thll r.wcbtsbdit~ ·tAal thl!t't: <lre INN t/~411· K ser,.·r:r& 

at fuU r.sspnc:,ity (for i:::!\), at time l , giccn the 110/ir:y 7t tl!td tl+f. iftllia{ 

N}=N' , Vi , w~ haw:: (a) the int>qn11ii:rin.g JlO(il:'y tu.inlm.l+c~~ /J;.c1 

pt1 ){t!.t}, 'tit! VK, {i-< }( <. N' mt.d {~} fo1' K' > t, a~'Jj -p(sltcy lh1st is Mt 

~!~ii~f.f:;~~·~li~i~,;g i~ $f~·i~tlv wors~~ th.M~ the c~tl~li~i't~:J ·poi•<~Y-~'· 

Whtm N;:::::~' • Vi ' ?lit. lw.\>t:: (a) (lie· rl:~·ifJ.(..qttrlli:.:·in!l p'CiliC'!f rmtcimi:~¢S t,~r, 

<~: ... ) 'Jt , · K' o ... r~ - x:s d ·b· • ~:~ • , ,, t · V,.. t•,t, .., , ~ , ""' .\. -<~ .li (Ill { j fV'T' n > 1, l!'n~ 1•1i•lC'!1 l iM ~~ ntJt 

~::~.:.>~ll<qu~f.i~m!i iff li~t<i<.tly 'lJ.~(~f'Sf:. fh.<ln tile~ -l!([·!>lllizing p~)ll<:lf. 

F'or <:;~f~ {4.1} ~'hi!: ley i<h:c~ is to ol#.1~rvc that. 

1¥ "'(t,r) +;\'~{ t,x.}:=N , Vt , t: s ~ ! 

,V:r(f.,t) :m-.l'ers t~' the f~\';atd Htt:u;tnr~ of lh~ tdi<~b;H~~< fsf.f;bl~~fl\ of c~e ! LA}. 

Itf~u~t fc~lhWI$· from Prs:>po.'lilimt :~.1. ~'ot C'as<: ( 4:.2) Mtr: that 
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1P.te P~r.(t,~) refers t.9 t.be reward structure t>f the rdia.hilily probl~m of ca~ ( LB). 

IP. rt~.uli. fr>ll'6<Y~> from Pro~)('sili~>n '3.2. ln a :similar manner ( 4.3} at1d (4.4) follow 

>m Propi).,<JJtkm~ 3.3 and 3.4.. 

l:MA~~-4..:..1..:. Th!! fJr.oblcrns of maximiz1ng the quantities that art> considered in 

oposilioll 4J are also well defined. Using si~ilar argulflt:nls as in §3 \V""e conjt>tttlrc 

nf. one e~u est~hiish t.he following. Tl~e ine.quahmt.il policy m,u·mHze.s ~tochastit·a.llv 

,(t,x} ttl. <i'll!/ time i1~.staut l • The generalization of the inequalizing p<~licy t.lu~l 

xa.ys !}tt>t'.s priority lo lltP. .~en:cr w~th Ju.rgest J\i mazmuzcs p~1 )( t,::r.L Vt, 'i 1\:, 

( '!( <Ni Wht'JI Nf:":Nl', Vi , l.ho ~'tla.llzin:g pdky ma~w~ues p~)(t,x), Vt, 'if K, 

( K < N' , fo:r i:::2,a. 

Appendix A. 
oof or J,EMM:A 3.1.3. The proof is hy considering cast'S and makes use of (2.J2)m+l' 

, tal<•; k. > 1 .and <»nsid~.r first 

bcase in.: M41{i):::k--L Th1m1 for the pri~nt c~~. we necesgarily have M~(.lp~·):-..:c 

:l M~{l,,x)::::k-·1. lien~. t11(l 3,:t;O)=l, ~l,,.t;O)=O iJ.lld, using ('2. 1~) ... +1 , we 

1clude that (S.l5) is ~rue wit.h mo=O. 

bca.st lb: M.p(x}=k. The.ll, let x11 :::miu{:~;1~x1 :f. 0, lf i}. x., is w~ll d~flncd s\nce 

> U, M4,(2:):::.k .mcl k > 1. Then the. dn.im is that. v.{lj,z;xv) > u.\l 1.x;x,.) and hen-ce 

lfiJ i.~ true (~}' (2.12l.m·H} with m0=x11• Th~ proof <Jf tLii; claim is by inductio.n on 

For :1.'1,=1, ~~1;,-t,~~,x;O):= l, since Mll;~- l .,,x):...,'k, MHl w{li1- l..,,t(0)=0, s:iut:ll 

,( 1 1,-l.v,x}:::::~'-l, Hence, from th~ backwards pa.rt of (2. 12h, w{l j.,x: lJ > l!.-{ii,:r; 1) . 

lj.-1,~~, x;p) > 1t{li,-1 ... , ::;p) 

t j.x:p+l) > u.{l;,:r;p+l). 

and ben<:c, using 

>c~ lc: ~\-f,.~(z);;;:k-r, r=l ,2, ... ,k-l. (Ob~l:Y~ th!\t. the 1:ase M6 (r)=ll is t)f no 

~rest. siu:w hy Lemma. :J.L 1 t.he cquaUzittg polh~y i~ theJ.l iud.lllhmt t.o wnkh. 

tliNllCfJt t.ht~ : rc~h'r.n~u. is 1:\t;l-iigne:d).'Dlen we sho·w by inducti-on on t tliei. for 
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becaus~ of equettion (2.12), implies tl1at (3.15) is vl\lid with m0=,....1. T o ·show 

first. .not~ ~h,1.t fot r=.l !.his .has already t)lteu pro~-~;<,1 at: sube.-E~.s<: la. Hence, 

~~at (1),. -is true for r=l,2, ... ,p and take x will~ M¢(~}=k·-p-L 'then, there 

b~ a.~ !fast one more system with a!l of its componems failed t'Xt:t'pt j. Thus, 

=0. Of CQUr.se, .to{l;:r)=O also, Now, a~ state (la.{l j'~),r) the /'b ~y~t.eru has all of 

~ l':t>1Tl1r\lutt>nts. no:n functioning and M¢t1a(l ~j,%)=k-p. Heilce, (l)p implies 
J 

:ra{lf)=O and z4 0;.r)=O, Lemma 3.P implies 

w(l;,la(l jzj>x;p-l}=-u-{l:;.lu{ l;x)_.~;p-1) 

(2' J 

{3} 

<:md (3) show that {:t9)p-l is a stricl. inequvlity whic:h in turn !mplies lfla~ (3.8)p is 

~-"'-"'-''"' inequality. Tbis establishes (1 )p. 

lei: ,\flf>(x)==k+r, r=O, l , ... , N-k. Ti1en, since k > 1, there _exist at l~a.<~t r+2 

with a!. least one fu.nctionifig ~ompont~nt. Hen<'e, the fc~llol\>ing rec:ursive 

l8 v;llid: Let :r-., =nrin{z1:~1 '# 0, l :¢ 1} aud, provklw r .> 01 
1 

J::;=min{:c1:.a-1 #:·0, l j: i, .v1 , ... ,4'{ } for ~=l, ... , r , We Sh{>W by ind~.~-~~t..ion CJn r t h at 

M(J){r.J=.k+r, r=:O,l, ... , N- k, 0-= x; < r.; implit!l! 

r+l 
, ,.,_,_, •• as in suocasc k, this i!; cnou~h to est.aWjsh (3.15) wit.h mo= E x,. . 

!;:::1 ~ 

is true by subc~e J b. Asaume Lben t.hat { 4) is true up to p, for 0 $ p :<:; N - k-1, 

tilk~ x with .M¢(:c)=.~p+1. T hen, :\1¢{-Yvp+:tJ x)=k+p, wht~r.e y=..r~.~p+'), ~nd 

(6) 

N 
Suhcase;; lt and ld show that if x;=O, (:US) }$ ttuc for m0= I:Ni+k-2 ~ which 

l"'l 
5uishes the proof for Case 1. 
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The .proof.is hy inrluf.tion Ml the number of w9rking wmponents of system j (i.e. (!;;) at 

litatj~ x. {3.15) is t·r!.IE' for xi=O l>y case 1 and for m0 as above. f.ct. us assume (3.15) iH 

true lor xi-::~ and for "'u=v+,t/r,+k-2. Tak~ then z with :r.)=ll+l at~d conJ>ider st;~.tr. 
( -lj. ;c) . Because 'Of t.he in tluc~ive hypothesis., there r.xish: m0 sut.h !.hat lor m. ~ 1":'-c 

Now, (7) is {:U2)m in sf. rk~ fomt. Henr.c, si.nt.:e l.J > IJ. (3.13)
111 

is str\~.t a(\d t,h<:rcfot~ 

(!t8)m+ t is stritt .. Hen.te, (3.15:) it~ trve for: m ~ m0+L Thi.s complr:t~'R the iltductivc 

s!.l!:}> and sho.ws that (;).!5) is true with m0 in<lcpend!!·nt of J:. In part.iculo.r. wt• H•<~y 
N 

take m0=2L: N;+k- 2. 
i=l 

P.roor of I.E~!MA ;u q.: Uccau~ of equation (2.12) atut l -emma 3.2. 1, to pror1· I:J.2·1) 

and (3.2!)) it is suffident to fhuJ '"o· Sttkt in~ua.lily will then automaLically ltu)d fCir 

iii\ m ~ mp• To pr.o~·c (:~.2<1 )1 we 'Show th.at for a ~~aU: x Sl)f .h tha~ c.!tr} f V>. 

C.?(x) ~ ~. ,l.,t1Jx)= N-t·, r= 1, ... 1 N- 1, t; < IC and z;?. K', the follo'~>;iog ·in t~q u;J.Jil.y 

holds. 

uf{Ji,x;r.K'- E r1-l) :> w(l;.,x:rA"- E .2'~-1) (g) 
~<~ ~<K 

The proof of (~) is by finitl? double induction on th~ number of failed sub,ysMnl:" nt 

st~ttl! z, r, and or, the numtJ~:r of failed conrpt;ucnl.t; n~:cessa.ry fur the operation uf 

suhsy~>Lcm J, $.-=K'-~x1 • C<J.ll the corrr.spoudiug to r , 6 iuequl\litii!S (~)r .. • and llmt. 

wnt>iJer the r.Mt\ in whi11h f":'::l ;~.ml $=L Then M~(l pz:)=N, while M~(l;,t)=N-L 

Th~refwe. w{l;,z.;O) > w(l,,:r.;O) i\nd (.~)1 , 1 holds. No\v. a5surru~ (S)r,, i;; true (or 

t~l ..... p and s=:l , ... ,<r. We sl\ow it .is t'l'ut. for r:::.p and s=tT+t. ln1koo, for the sLate 

(1 J,r) we have Mt>(l;.t)=N···p IU\d the number offaifed componeut·s nece..o;sary for the 

o~.ra.t.ion t..) f liUbsystem j i:~ u. F rom the inductive step we <'ondudc that. 

w( l ;•1;,-x; p1C-· 2: x1-2) > 1J.(li, li1 ~; pi\''- L / 1-2) 
~ < ~ ~ < A 

(9) 

Now, w~ may choose- a J<'(l ;.x)=af<'(l ,~)=i- lient:c., (,9) bf:cc~tnes 

tv(l 1 ·:( 1 . .' }~ ~ 1-,r.,·pf(' , .. .L; :~.·1-2) > ·w(J. {t ·z)•l;,l.;,'-iPA"'- 4': .rt- Z) ( 10) 
I J(' . ~II' • 'Z < J\' (,1 K' • J: < K' 

I J 
which !QII.d$ to (8)

1
,,.,.+l by ·usi11g {2.12) and t.ht~ hlC(tllalil.ir:A (hask.ally thO!ic wncemin~ 

f.h~ forwatd ntQtiOtl of the t;~·stc.m) invoh·~l i.n the proof of Letn\'\)3. a.2.2 . The 1\C.Xt 
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is tQ &Ssume th~ validity of ( 8) fur r.=l , .•.• p nnd any s and show il is true for 

1 and r-1. So, Lalo;e r with r and s as above and con:;ider (J 
1
,r) • We have 

t<}=N- p. Then,. lake i\n)' non funct.ioning ~ubsy~>lt:m " at stale (1 1 ,~). T he 

of (S)p irnplief; 

(11) 

choose 'K(l
1
r)=v and a~. .. {l;x}::::.-1 t.o transform (ll) ~o 

· w(10 (l ~)' lJ·, :t;pK'- I: r1-J) > IL<l<l (l •:t'1,11,x;pK'- :£ :tr·l) (12) • <" J < L'' LoJ I • O•l 
:. A ;rl " n :!11'<.. ,.. 

l#J l#j 

\T;;ing (2.1~) and the inequalities invoh:cd in the proof of Lemma 3.2.2, gi"C:l 

ld,lpt:;pK'- E r 1) > u,{ l,,z; pA''- E r l) 
r 1 < A" {&t<K' 
ljJ '*j 

( 13) 

sinct> .rl= K'-1, (13) may he rewritten 

u{l;.r;(p+l)K'- L: r1-· l) > u.~li;r;{p+l)JC- E x1-1) (H) 
~<K ~<~ 

'%'-n' ttn (14) the proof of (8) is t:ornplct~. 'fo pro~o·~ (3.25), wt: show tl\M fi)r ,, ~!.ale r 

that. C.~(x} :F. 0, £:?(2:) f. 0. M41(~)=N, r J=fi'+t·, r::O, ... , iVr K'. Lhe following 

(IE>) 

ptoof is by induction. Since ( -1 ; ,t:) is noo.functioning, for r.={) we get tt{.rjO):.=l 

tl!{·- l J, l,,r ,· O)=D. Thc~dare, using (2.1~) and the incqu~lilit<s (h.>.sir,.'llly 1.hO:'W: 

illntr.ttr''"llg the backward.<; mot.ion of the syste-m) invtllvcd in tht> proof of Lcmm<~ :} .~.2~ 

_ .d~ucr t.haL w(lj,:r:l) > tl{l;.:t;l). Nuw a.Silume th~t- (50) i!> trur f()r r..:.O, ... ,p. 

~""' .. '""• for z;==l<'+p+1, consider the state (-1 3.~) . 1 ·h~ syst1~ \s funttioning and thl! 

~;nbsyGt~m has K+p wo-rking compon~.uts at ~h<.tt £t~tc. llcnce, from lh~ it!dudi~·e 

wr: get ~(r;p+l) > IL(-l;.l;,.t;p+I) and th.;n:for~. u~ing ~h~ same <Hgurmmt a~ 

u.'( 1 i •:ti p+1) > w(l *,;c; p+2) . \'\' it.h t.his, the proof of ( 15) 1t.nd the lcrnrn~ is 

~~:'t'~~!!E!:!!.!!!!l....l!.:.:~ The proof h by considerirog CasE'S and lU<'\~fS u~<e of (2. l~)rn+l. 

~~~~~e 1: The i-th t~ubsystem is not. functioning at ~taJe r. Then, we show that flit; may 
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be l.almn to h~ 

nv= !: z1-x1 -(M~(x)-l)(K'- t) (16) 
211 ~.1(' 

t'hr-. pi'oof i~> .by s(mull.mloous .induction ot\ · M<I>(~) , X; and x,.,,. wh~re i..,:::::r'i'lin (.:r.r: 

r.l ~ JC} (If ·h ·1: :r.l?: lf}::z{~, :t,hen x.,..:::O) . So, kt. f!r!;l, M~(r):.:t O .• .t
11
,:::0 .!Hld :r.1::.:K" - l. 

then, li:(lJ,x.;0):-..:0, w( t.; .t;0'~,1 ,. and (Hi) .is valrd. As~ume now t.hat (1"6) i$ v\\lirl for 

M ¢( l}::(i .and t;;=l<'.·-(.t·-~1}; 1.":::2 .••• ' { li..; (of C.o.uJ:Se 30" :::0 flteu) and. take r with 

M.p(f)=O aruJ *;'= JC -'1'. Then, b)' t,on~;id.criag state ( l ;:,t'}, we g~t 

!1.{1 J;l,t,x.: r-·2) < u>(:\,x:r-i)· whidr h:a~ls tp u{lj,;r.; r.-1) < 'l:ii(l~, x; ~-·1) . Hence, (16) 

:i's true {(}T M~(t'}=O (<wd J:..,.=O) . Secot•d, le.t M~(t)=l, .. 2.:1)=!(' <i.Jid t•=K'-r, 

1=l,. .. ,,K'. Then, f>;~I (- l"'.z) w~ have Mi-l ,..,z)=O· and he11ce, from tlie flrst .stP.:p of 

llm im!uctiv~ JHOOf~ 

which ;inn~li\:S u{l;,1:;·./C-z:;) < t~{l,,l;: K'-1:iJ .• wd ~heNlo~: (lf!.) i!! v;;,l~{j, AS8ume How 

that (Hl). :It> · i;tu~. f;:w M~(i):::::l, :t~.<:::::: ·~+$-.1, s=l;~ .. ~,l·l"'-1<'1 &n(l -;:1=fl1-i:; r=l, ... , K' 

~i:i:d .. c.<i_n!Sider ..t ~V.i~h. ·M4;(oc )::::::1, r.v= fi.<1 +ll, Mi.t '1:;:::::.1\' -'f'. Tl'lmi, the includ:J.vt~ li yp<~th:e-Ris 

le~d.~. ~~) 

w( ~1v,l.i,~; fC+s-J -l>i)-< ~{-'l,~.l,,,~;·K' +:s-l-2:,-) 

a:li~t: Hnlt' u(i;ti-r;·K+.Ft.~) < ~;{l1,:r:·.If'+~-xJ . Uenc~; {.tO:) Is true for M.p('S);=-o:J .a:.nd 

x1'!z:Jf-r.;. r:;::ii, .. ,Jf . Third, as.<Jum,; (16) .is true fo:r M~(:r)=u ;md x,,K'-:i and 

i'Aill~i<f(::r. ~ .w.if .. h ,\f,i(i}==tl+l,; ~d i;=·W-r, Tltcu, lb'r ·r,;=ff'1 coii~id~t· (-111,i') . T~is 
5Ctat.~ hM. 1t {nnl".~ip:ning s.t~tl;;y.<>~emll .ami. h~l'\C.(:: 

t!~-J.,;~l;! :t,; E . ~,;-~~;-~{-(·n:-l)(Jf'-1)) <11,-{-\,.~~:;x.; L 3:i-~v,...~.;-:(u-l)(K'-1)1 
:<'1 ~ .!<;' . . "".~ .;;: 1{' . 

wl\ieh. ~i.mplies · 

w(lp~:; .E ,.,.i;...;~:~,"·ii•·"Et~:-l)(l\~~n+1). <· ~~~i.,_,l:t E ,/Cxv-~,-(n-l){Jr·-i}t·l} 
~~E ~~K 

nut. !Slbli£<, 

n · ';t..-::r; .... x,, ... fu-1 ){'J~:.w l~J+ l.= · ~~ ;;.-z.~u(A~:-. 1 ~ 
~ <• J:'/ r· \ · ·> · ·, U (. ·· •· ··. :· · J.. 

~~w ~ ~ K · 
w~. c<:>l:lch1de !.·hat {l~)i.s. true'ft>.r M.;;,fi)='·tt+l, 1J;:=o}{'-r .~tvl~u=i('. N~xt ~~Ul'O:c. tl\at 

(Hi) is: twe for .~1~(~)=u+1, :r*:::::::A-r·-1' ai11 .. 1 ii-:::::J.\-if~,:....}, s.:::::l,.; .• ; i\~:...tc a.nd ~o11~idcr x 

wh~l M~t:~:J=u+l , 'l;i~fr."'-T ~rd ~~,=}(1.'-f.s,. rhf:fJ., lhe vth s.u.bsyst~m of ( ···l',,,i) liM 



i•~;- ·z:· xr-1-·2'-.- -u(l:('•l)-t-l) < r.~.'(l.:,;~:; E x1-l-:r.-··l!(A"'~i)+l} 
~!K ~i~ 

escahHshes (Hi) for M.,tb)=u+l, ~i=i(''-t. But t.he:n1 (16) is t rue for. any Mi:r) 

:l:J:::l~'i'h\l.r;~tr·v xi, provided the itlr Sllbsystell'i \~ nllll f.uudi6liing. This tini'sh£:1' C~~~. l, 

: ·The i·t,h. S1J.hJ;yst~l)'l is fl~n(.tioni:ng $11 · $i:at:e :r.. Thett, we iihow ~.ha.t ~~~{t 1\\a.y 'he . 

to be 

L ~i-A?~{i;J(.lf'-1 ) 
"'I>~H'· . . 

:®:l>W'' Pi"tl!:lt· i8 by trl.rn ult<!-ni~Otiii i .od.u~.;ti,}n :o.n M:q,(x.), ;r; a:nd tV,, ·where 'i'v·'=min{x1: l :;f.i1 

Firnt., we. f~t'ablish (17). 'fot M4>(i).~t {a:n4 'f.he~.fc;jN; av::::O) . t<'or zt=K; 

has. t he ·it<h S.ub!:>ysL~Il .non fu.netioning ~nd 'thc·r~fo~~- ·w(l ::;,-~1 1,~;1)).;:;1), 

fW.@fQ);;:;l, whlch. impl i.~: w(l;A't.l} < lf(l;.,r-;1) . H:enc~, (H) ·is. vnlicl fQ.r. X{=:.fi'' :: N:t>.l;t., 

('7} js true for x1=1C+t--i, r-:ll'"{ N-K' and -canside.r a sta.tc· x, w1tli 

~~:~~{~~):::::~1, t;=K'+r. Then, wjth the usual .~rgum.imt u~ing state (-1-i,x), one rni~y si19w 

:t\f{l jt.:t:N-1) < w(li,;r; r+l): • So, (l'l) ls true (s,1r ail x. s-uch ''h<lt M4!{:r.}=l. 

let. N~{i.)=2, •;~ a;b.ii:n~.ry, a:ll~i ~~:::. k'. Fr(Jm th.tJ previous. sl~p .\Ve ~et 

,,,~,,,,,,,,,.~v 1· • :i•~';_:llc R" + l) < .w(:_.l 11,11,x; x,:-I(i+ 1) . 1'h~l~, 

~;:~~;j';;.•i""i'"'•-- K~ + 2.) < -tli('l.;,.tl. 2<1-~ /{'+~} A.n.J h~n~~e1. (17) i;; t.r.ne .fi>r :~.:v.=lf', A.fj$vmc (17) i~ 

~~::::.ff-tr-:t r:=l,, .... ! N-.'K'. Th~.:n th.f. U~l.r&l at-gumtmt impli~ t-hat (1.7) )!3- true 

'''"'""~''''~~.-,__,., +1, whi.Ch: frni>Shes tfte c:a..'\e M4>(x):::;Q • Thtrd, il..'?SIIIllt~ that (17) is ve·l~d (or 

y::::~,.~ ., N-L By- COJ1Sidctir;g .f-lv,;~i) filr 1;~7.:.1(.,. TC+J ~" '' it. -is 

~=~~@Yit'{Qrw~r~l to ~s~<Mis.li (.~7} for· ~~~~(:r;)=?t+l. Thlis fini~li-c.c; th~ lnduc:do.n: .for Ca.~~~ 

'l'Ci' ptove (3.37.), -w-e 11-h<:i\\> b~· backWard tl)dn<;t\on on 

. ·E . ~~- t.ll~t we 11:1~~· .ChQOSe 
t:E't{~}· 

ril.rt"' Kl•l' -1- V(.;~;j (1,8) 

U( :s)=K~'<''-L ·nr~'!\ •. u,{t :i;,r,; {} ):::.0, w{.l.,x; 0);::<1, ~n4. (18.) is. l,r.lu~ . A~ume ( lS) tli 

t!(t):::.KN~'--t'f1 and ·take ir. "''ith (.!.(:r.)r.KN'--'r.. Then. U(t , );i}=lf:iV'-r+l . , "-IN;.~ . . 
lt~mce 

. - :rH) .·~ w(i,;lbK.{l . -'i.)/1:;./(;v"~r-+lJ~::~{l~,ib ·41' ,,., }>~':.; :/(N'- -I'+ l) 
'J ·. . .1\ . • , . 

tb~. re~ul't for- (J(>t)==Kl"',. -1'. Tu ~~ov(!. { 3.:38}, we ·C'Otls!d:er case.s. 
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Let 1:r;=m~ {~1 -· :r:1-< lf ). U!!lng .iml:uctiou 1-m bpt)l ;z:i rua.d x..,, we show that we rna.s 

choose 
z .... 

m0~ iY'-t1 - 1+ E I {:c1: ~l=O} I (19} 
61::::e ;+ 1 

Let firs~ -~~;.;:;. f/'-L Thcu, w{l i.,z;O)=~. w(1i,x;O)=l, a..ndl (19) is l t uc. Assume (19) i:t 

~l'ue fQ~ :r~::z,'v"- r+ 1 ll,lld' take. ~ '>yilh ~;=lv" -r. Then, .-c11 takt>S values in {t1, 

x;+l-~ ... , r.;+U'l'--x,-- 1)}. lf t>{=-it;;, consid~r (li.,;i:) • This sb~te ha.s 1\'' -r-H flulct.ioning 

l~tnpan~nf.s at 'th~ - ti:l.l .!illbsystem and heuct~, ~;~:;i-ng tht: imluct.iM sl.l~P, aft.e t ilotking 

we t:.t>nclude that 

tl{l:i,li>:r;r·-2) < w(li,li,-x; r-:2). Thl~. lca.rii> t.~: t11(1 3 ,161.,('l ·iJ.')'.t.; r~2) < 
. . . l . J 

-~~~· tj r L, {'1 .. .-11x; r-2) , hmk~ w{l
1
-,31;r-l} < w(11,x,·r-l) and thus (l!l) is establis.hed "K ,c;., . . . . . 

fm r.-;=l¥"·--r wd rv~'-"~ · Assume now thaUl9} i~ true, fox- x,=Nv-r at1d x..,.=x,+tt-1 fo.r 

?t~:l ,, . . _, ;'{~:zi~' 1. ·Th.eu, t;s:k~ x.· l¥it-h 'X(.:::. 1¥' ~ r ar~d -:r...,=:~;.-+ :u . ami consider the sta-~ y 

wnkh is ($el1ned by 

;/:' -1 

·itt=W .} I) '<; . '\1--{~ {:~;)'\"' -;r'i_-1+ E l {zy xj=~ J-i) 
&:=t-;tl· 

·;iv .;._,. 

•;.:(1J,:r.; 1¥7 -.,:r:;-l+ ·2:· 1 {1;p xi=ll Jl) < -w(l· .,:j:; :!v"-x--1+ E 1 b:s: x.,=o- J I } 
. . _ !):::; :~; .. + 1 . . ·. . . . . ,, . . ., a~s ·+1 . 

~ . . 
Th.is Jttli,~h~ !.he~ p:r~'l<.)ffm, thk~ c-ase. 

C-M~~ (2:} .M~(:~) ~/I,_ 

then,. we u~~: ind~l>-ti:<m- on- M.~{:x). to :MlOW tbat 1!\} n)a;~ b~ o;l~o$~n by 

N, . ..:1 
l>)o=-.:lf-'~~+ E . ! r~l: :r.-1=0' J I +M~(~)--/( ('2G) 

· eo::.;:,+t · · · 

tak~Ji.r.st .M~(x)~K a:nd ~~~tv be a-ny fu.netion!n_g ~lib-wstem. T:hen, M,:J-i~-',x}~K~l 

~d U 9.} in'\J)liM.: 
i'V<--1 

Y~{t1,-<l~';x~N'-!~-l+ -z:_: I (zr' ~i::::Q. }I)< 
. . llo;~+l . . 

N•-~ . 

t({lj-.-lv,~;.-,N'--~;:--l+ E Utt: x.t=.8 .II)·. 
· · · O=x r+-1 . 
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ll.~ is suffident to prove (211) for MJ>(1:)=K Nc)l.t, ~"SUIJ1e- th~ v.alit,li~y of (20) ·up t-Q 
~·-~·-·.·.·. . . 

IJ(i:J::::.l!:'+r-1. By examining (-l.v,z:), wh~l"c .v \s any functi(m.ittg suiJ:;y:;~cm~ it i:; 

~;~ghtforwa.rd then to chock the \'alid'ity ,of (2Q} for .Mt/>(1:)-=K+r. 
~~::: 1'-'e (3-J M.t.(x} < K-.. 1. Lel then f'k(::) represent the set or the k first sut~ystett:lS in 

~Ct ~)f the number of .their functionh~.g ~tompo.nents._ .Since we a.~~ now dealing witJl 

1 3S), Pk(x} C P(:i) . For thia c~ w~ ~onsider .three su~a.s<>..s. 
~::: 
~~Me (3a.): t'j::::.O .anli i E PtJr.) , Th~ defi.nt~ U~.:(:r:);.= L; 1 E; P~;t~i-x1 , U-sin~ an 
~lP/()<l<~h 1\imjiAt t.o the om: that pr-oved ( lS), rnlt~ ma.y tl~en s.l1ow that it 'is sufii.c.it:tlt 
~:::::::: .. 
~~h(K)Sc rtsn=K l\n -l-U ~o.b:) . 
wr~: 
~#~tu8t: {3b): x1::0 a~d i ¢ Pk(x} . To proc!!t!d we. n~r.~ the follow~ng. W(: _onler 11!1 
*.<.<;:::$:-;_:- . 
~~yJ;!.etm: OCC(Itdillg t o. th1~ ni1mbe:r of their fu!}dionhlg con'iponent.s :and w.:e: den6t.e. b.Y 

It> ·tlle Q:!:<Jer of t'he lth ·S¥b$ys~em (N~- 1 ~y <:5>=::1, we me~n that the 5th. sub.sy$t..em 
!3':~~~:::::~· 

~ th-e largE-.st. amo\mt of functi~>lflng comptmel'J.t!l). Tlum, .w-e cott~tider th~ state '!l 
s:~::::::: 

~lin«! b · ~~~~;~~~~?.. y 

i~~!~;t~~:/ { ,;l if <1> <; K 

~ ··= ~-( •, -•;) ~~'~>" <i> . 

§Slate iJ sati~fies the ab-sumptious .~f snl)(.:a.se (3a). 1len.(:~, 
i~~lt~~~:· ' . . . 
t~~~j~~i;;;, w{1 p!l; KN'-1-.Ui,(y)) > ui(li•-Yi KN1--1-BJc,(~)} 
~t=~~f . <•> . 
@ljkh in turn implies the "'alidity of (;!.38-) wit h ~r.:o::: f{}t--, 1- V~:-( .Y.')+ E (:fl-:t;) ~ 
~~ <»=K . 

~~frc-a-se (~c): :r.3 .> {1. Th~, conside--r t-he: state z=:(.-=z:.t·1:!) ._ The .. rela.t i v.e order of ijs -~he 
~e::in z i!-+l-d z, and _z. satisfies the a'Ys~r~l-p~1~nl> ~f.-~ithet s;~bt-.ru;e: (~~} -<>~ suOC,ase (3h)'. 
j~i&ice, . 

[ :::::, ~:·:::.~ of~< to<i.,pooding ><~h<ill in=--~d 0. 'J' 
w· . 
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